LOCAL RIGIDITY OF AFFINE ACTIONS OF HIGHER 
RANK GROUPS AND LATTICES 

DAVID FISHER AND GREGORY MARGULIS 

Abstract. Let J be a semisimple Lie group with all simple factors 
of real rank at least two. Let F < J be a lattice. We prove a very 
general local rigidity result about actions of J or F. This shows 
that almost all so-called "standard actions" are locally rigid. As a 
special case, we see that any action of F by toral automorphisms is 
locally rigid. More generally, given a manifold M on which F acts 
isometrically and a torus T" on which it acts by automorphisms, 
we show that the diagonal action on T"xM is locally rigid. 

This paper is the culmination of a series of papers and depends 
heavily on our work in |FM11 IFM2| . The reader willing to accept 
the main results of those papers as "black boxes" should be able 
to read the present paper without referring to them. 



1. Introduction 

Throughout this paper J is a (connected) semisimple Lie group with 
no compact factors and all simple factors of real rank at least two, and 
r < J is a lattice. The purpose of this paper is to prove the following: 

Theorem 1.1. Let p be a quasi-ajfine action of J or T on a compact 
manifold X . Then the action is C°°'°° and C^'° locally rigid. Further- 
more, there exists an integer k^, such that the action is C^'''~'^ locally 
rigid for all k > k^, where n = ^ dimX + 3. 

Remark on regularity: The number ko = max{ki,n) where ki is de- 
termined by properties of certain foliations associated to the dynamics 
of p{gi), for a specific finite set of choices of (^i, . . . , (^a; in J or F. If A; is 
even, we can let n = ^ dim X + 2 instead. 

We proceed to define the terms in the theorem. We say if is a 
connected real algebraic group if it is the connected component of the 
real points H{M.)^ of an algebraic group defined over M. 
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Definition 1.2. a) Let H he a connected real algebraic group, A < H 
a cocompact lattice. Assume a topological group G acts continuously 
on H/A. We say that the G action on H/A is affine if every element 
of G acts via an affine diffeomorphism. 

b) More generally, let M he a compact manifold. Assume a group 
G acts affinely on H/A. Choose a Riemannian metric on M and a 
cocycle l : G x H / A^ lsom{M) . We call the skew product action of G 
on H/AxM defined by d-{x,m) = {d-x, L{d,x)-m) a quasi-affine action. 

We always write X = H/AxM. Recall that an affine diffeomorphism 
d of H/A is one covered by a diffeomorphism d of H where d = AoTh 
where A is an automorphism of H such that ^(A) = A and Th is 
left translation by h&H. The full group of affine diffeomorphisms of 
H/A is a finite dimensional Lie group which we write as AS{H/A). 
The definition of acting affinely given above is equivalent to saying 
the action is given by a homomorphism vr : G— >Aff(i^/A). See |FMH 
Section 6.1] for a description of AS{H/A) and a classification of affine 
actions of J or F as above. Note also that the case of quasi-affine 
actions as defined here includes products of affine actions with trivial 
actions. Another class of examples give the following: 

Corollary 1.3. Let J be as above and T < J a lattice. Then any action 
ofV by automorphisms o/T"* is C°°'°° and C^'° locally rigid. Further- 
more there exists a positive integer kQ>3, depending on the action, such 
that the action is C^''^-2'^-^ locally rigid for all k> min(|m + 3, ko). 

We now formally define local rigidity in this context. 

Definition 1.4. Given a topological group G and a continuous C°° 
action, p : DxX^X , by diffeomorphisms on a manifold X, we say 
that the action is G^''^ locally rigid, where r<k, if any continuous action 
p' by G^ diffeomorphisms, that is sufficiently G^ close to p is conjugate 
to p by a small G'"" diffeomorphism. We say that a continuous action p 
is G°°''^ locally rigid if any continuous G°° action which is sufficiently 
G°° close to p is conjugate to p by a small G°° diffeomorphism. 

The special case of G^''^ local rigidity says exactly that the homomor- 
phism p : G— s>Diff^(X) is locally rigid. In other words that any homo- 
morphism close to p is conjugate to p by a small element of Diff'^(X). 
Since the G°° topology is defined as the inverse limit of the G^ topolo- 
gies, two G°° diffeomorphisms are G°° close if they are G'^ close for 
some large k. Our proof shows explicitly that a G°° perturbation p' 
of p which is G^ close to p is conjugate to p by a G°° diffeomorphism 
which is G'^"" close to the identity where n is as in Theorem ll.il The 
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topology we take on Hom(G', Diff^(X)) to define close above is the 
compact-open topology. 

Gromov in [Uj and Zimmer in {Z2j suggested that one might be 
able to "essentially classify" all volume preserving smooth actions of 
higher rank semisimple groups and their lattices on compact mani- 
folds. This would be, in a sense, a "non-linear" analogue of the second 
author's superrigidity theorems, since one of the consequences of the 
superrigidity theorems is a classification of all finite dimensional linear 
representations of higher rank lattices (modulo issues concerning finite 
image representations). In jZ2l . Zimmer also proposed the study of 
local rigidity of known actions of higher rank lattices on compact man- 
ifolds, as a "non-linear" analogue of the classical local rigidity theorems 
of Calabi-Vesentini, Selberg and Weil. These show that any cocompact 
lattice r in any simple Lie group J is locally rigid, as long as J is not 
locally isomorphic to S'L2(M) |CV| El |Wj. I.e. any embedding of V 
in J close to the defining one i : T^J is simply a conjugate of i by 
a small element of J. Since J acts transitively on J/F, our theorem 
can be taken to be a generalization of Weil's result in the case when 
J is a higher rank simple group. A perturbation V of F in J defines 
a perturbation of the original J action on J/F since J/F and J/F' are 
diffeomorphic. The conjugacy between these actions can easily be seen 
to give a conjugacy between F and F'. 

Many results have been proven concerning local rigidity of affine 
actions of higher rank lattices and Lie groups, particularly when the 
action is assumed to satisfy some strong hyperbolicity condition. The 
first results of this kind are due to Hurder jH]- He proved that the 
standard action on of any finite index subgroup in S'L„(Z) is defor- 
mation rigid for ?t,>3. (This involves assuming a path of nearby actions 
and obtaining a path of conjugacies.) The same actions were shown 
to be locally rigid in |KLlj and |KLZj . Many other results along these 
lines were obtained by many authors, we refer to the introduction of 
|MQ| for a more detailed discussion. Here we mention that all standard 
Anosov actions on tori and nilmanifolds were proven to be locally rigid 
in |KSlj and all so-called weakly hyperbolic actions were proven to be 
locally rigid in |MQ| . 

For isometric actions, there are also results. In [ Blj . Benveniste 
shows that any isometric action of any cocompact lattice in a group J 
as above is C°°'°° locally rigid. The interested reader should refer to the 
introduction to |FM2j for a discussion of earlier, weaker results by Zim- 
mer concerning (certain) perturbations of isometric actions of groups 
with property (T). In our previous paper |FM2j . we have proven: 
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Theorem 1.5. Let G be locally compact, compactly generated group 
with property (T) . Let {X, g) be a compact Riemannian manifold, and 
let p be an action of G on X by isometrics. Then the action C°°'°° 
locally rigid and is C^'^~'^ locally rigid for any k>2 and any k, > 0. 

We remark that Theorem 11.51 holds for a much broader class of groups 
than Theorem ll.il 

The proof of Theorem 11.11 uses a foliated generalization of Theorem 
11.51 also proven in IFM2J . This result is recalled below in section ^ 
where it is applied in the course of our proof. 

For actions which are neither weakly hyperbolic nor isometric all 
previous results, due to Nitica and Torok, concern affine actions which 
are products of Anosov actions and trivial actions |NTH |NT2| ITj. For 
example, take the standard action of S'L„(Z) on T" and let p denote 
the action obtained on T"-xS^ by taking jit, s) = {'jt, s). Then Nitica 
and Torok show that, given k > 0, any C°° action p' that is sufficiently 
close to p is conjugate to p by a C° small, G'' diffeomorphism. 
(This result does not imply G°° local rigidity because the size of the 
perturbation must be made smaller to obtain more derivatives in the 
conjugacy.) Their full result is more general, allowing one to replace 
the standard action of 5'L„(Z) on T" by any so-called TNS action of 
a higher rank lattice on a torus. They also prove some more general 
results for deformation rigidity, but always for products of TNS and 
trivial actions. 

We note here that non-locally rigid volume preserving actions of 
higher rank semisimple groups and their lattices on compact manifolds 
have been constructed, first in |KL2j and later and more generally in 
|B2j . Those in |B2j are even shown to have smooth volume preserving 
deformations. See also jF2j for a more general construction and another 
proof that the deformations are non-trivial. A weaker result is shown 
in |KL2j . 

2. AfRne actions, perturbations and quotients 

This section primarily recalls results from |FMlj . Let J be the uni- 
versal cover of J and F the pre-image of F under the covering map 
J^J. Any action of J or F can be viewed as an action of J or F 
respectively, so we assume, without loss of generality, that J is simply 
connected. 

2.1. Describing afRne actions. In this section we recall from |FMlj 
another description of the actions we are considering. This description 
provides an extremely simple description of the derivative cocycle for 
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the action which allows a simple description of the dynamical foliations 
for elements of the acting group, as well as of the central foliation of 
the entire group. 

Throughout this section H will be a connected real algebraic group 
and A < H will be a cocompact lattice. We now recall three technical 
results from jFMlj . 

Theorem 2.1. Let p he an affine action of J on H/A. Then the 
action p is given by p{j)[h] = [7ro(j)/i] where ttq : J^H is a continuous 
homomorphism. 

This is a special case of |FMH Theorem 6.4]. As indicated there, the 
result holds with the weaker assumption that J has no compact simple 
factors. 

The analogous result for F actions is more complicated and can re- 
quire that we view H/A as a homogeneous space for a different Lie 
group. The following is a rearrangement of iFMll Proposition 6.3]. 
Given a Lie group L, we denote it's automorphism group by Aut(L). 
Since Aut(L) is a closed subgroup of G'L(dim(L)) it is a Lie group. 

Proposition 2.2. Given a real algebraic group H there is a connected 
cover p : H'^H and a realization of H' as a connected real algebraic 
group, such that 

(1) the connected component Ant{H')^ of Aut{H') has the structure 
of a connected real algebraic group, 

(2) Aut(if')° < Aut(if') is a finite index subgroup, 

(3) Aut{H'Y acts rationally on H' . 

The key point is to choose the algebraic structure on H' so that the 
connected component of the center of H' is contained in the unipotent 
radical. It follow that Aut{H')°KH' is a connected real algebraic group. 
Let A' be p~^{A). It follows from the construction given in |FMlj 



that, possibly after passing to a finite index subgroup F' in F, any affine 
action p of F on H/A remains affine when we view H/A as H'/A'. For 
the remainder of this paper, we assume that we have replaced our group 
H with a group H' as described in Proposition 12.21 

Before giving the analogous description of affine F actions, we need 
to recall a consequence of the superrigidity theorems [Ml^ M2J. In 
|MHIM2j these are only stated for J algebraic, but the extension to J as 
assumed here is sketched in |FH Theorem 7.12], see |FMlj for detailed 
proofs. We will use the notation introduced here in the statements be- 
low. If J is as above and F < J is a lattice, and L is an algebraic group, 
we call a homomorphism vr : F— i>L superrigid if it almost extends to 
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a homomorphism of J. This means that there is a continuous homo- 
morphism vr^ : J— >L and a homomorphism vr^ : T^L with bounded 
image such that 71(7) = 7r'^(7)7r''^(7) and vr'^(r) commutes with 7r''^(r). 
The superrigidity theorems imply that any continuous homomorphism 
of r into an algebraic group is superrigid. This can be deduced easily 
from Lemma VII. 5.1 and Theorems VII. 5. 15 and VII. 6. 16 of |M2j . 

Theorem 2.3. Let p be an affine action ofT on H/A. Then there is a 
finite index subgroup F' < F and a homomorphism ttq : F'^ Aff(if) = 
Ant{H)iKH such that p{'~f)[h] = [7ro(7)/i]. Furthermore, we can assume 
that vro(F') is contained in Ant{H)^i><H and that T^oi'j) = 7r,f (7) 71,^(7) 
where Hq : J— >-Aff(if) is a homomorphism and : T'^ AS{H) is 
a homomorphism with bounded image, and the images of ttq and Hq 
commute. 

This is a rephrasing of |FMll Theorem 6.5]. The final conclusion con- 
cerning the fact that ttq is the product of a the restriction of a homo- 
morphism of J and a homomorphism with bounded image follows from 
the superrigidity theorems discussed above. 

We can now describe the central foliation for a quasi-affine action 
p of either J or F. We will denote the central foliation ^. If p is a 
J action, and M is trivial, then the central foliation is just the orbit 
foliation for the left action of Z = Zh{t^q{J)) on H/A. If M is non- 
trivial, we have a projection H/AxM^H/A and the central foliation 
is given by the pre- images in H/AxM of Z orbits in H/A. 

Let F' be the subgroup of finite index given by Theorem 12.31 and 
further assume that F' is normal. Let A be the connected component 
of Aut(if), and let L = AxH. Note that L is an algebraic group. 
In this case, we let Z = ZL{7r§{T'))nH. If M is trivial, the central 
foliation for the action, which we denote ^, is then defined to be the 
foliation given by orbits of Z on H/A. If M is non-trivial, we have 
a projection H/AxM^H/A and the central foliation is given by the 
pre-images in H/AxM of Z orbits in H/A. 

We will refer to the tangent space of the central foliation ^ as the 
central distribution for the group action. 

We now want to define a Riemannian metric on H/AxM so that the 
p action is isometric along leaves of ^. Since M is assumed in Definition 
11.21 to be Riemannian manifold with Riemannian metric qm, and p is 
defined to be isometric along M fibers, it suffices to define a Riemannian 
metric on H/A for which the affine action on H/A is isometric along Z 
orbits. Let f) be the Lie algebra of H. An inner product on {) defines 
a right invariant Riemannian metric on H and therefore a Riemannian 
metric on H/A. For the case of J actions, we have that the derivative 
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action on HjK is given by Dp{i){\h],v) = ([7ro(j)/i, AdH(vro(j))^) for 
jG J. Since Adn ^t^oI^ is the trivial representation of J, it is clear that 
any inner product on [) defines a Riemannian metric with the desired 
property. Let m be an Ad(7ro(J))|f, invariant complement to 3. For 
simplicity in arguments below, we choose a metric on f) such that m is 
orthogonal to 3. 

For F actions, we need to be slightly more careful. Let [ be the Lie 
algebra of L, which contains f) as an ideal. We denote by Adfj the 
restriction of the adjoint action of L on [ to f). Recall that 7r^{r') < C 
where C < L is compact and take an Adf,(C) invariant metric on [). 
This then defines a Riemannian metric on H/AxM for which p(F') is 
isometric along the central foliation defined above. 

We perform one further modification to the metric to guarantee that 
the action of all of F, and not just F', is isometric along the central 
foliation. Since the image of ttq of F' is semisimple, we can choose 
an Ad[,(7ro(F')) invariant subspace m < f) orthogonal to 3 such that 
i) = 3©m, and we can choose an inner product on [) for which 3 is or- 
thogonal to m. There are corresponding subbundles of T{H/A) which 
we can write as H/Axm and H/Ax^. Note that because these bundles 
are F' invariant and F' can be chosen to be normal in F, they are also 
F invariant. Given a vector space V, denote by S'^iV) the cone of pos- 
itive definite symmetric two tensors on V. The Riemannian metric on 
H/A is a section g^, of H / Ax S'^{i)) which lies in the subbundle given 
by H / Ax Sl{})®S^{m) or equivalently as the sum in H/ Ax Sl{i)) of a 
section of g^EH/ AxS'^{^) and a section of gm^H / Ax S^{m) . Since g^ is 
F' invariant, and F' < F is finite index, we can average g^ over coset rep- 
resentatives for F/F' to obtain a F invariant section g'^ in if/Ax 6*^(3). 
Replacing gt^ by g'^®gm we have a Riemannian metric on H/ A such that 
the entire F action is isometric along the central foliation. 

2.2. Semiconjugacy. Let if. A, F and J be as in the preceding subsec- 
tion, let G = J or F and let p be a quasi-affine action of G on H/AxM. 
Then by Theorems 12.11 and 12.31 there is a subgroup G' < G such that 
p\g' is defined by a continuous homomorphism vr : G' Axit{H) x H . 
It follows that the G' action lifts to HxM. As explained in |FMlj . 
following the statement of Theorem 6.7, for any small enough C° per- 
turbation p' of p, the G' action defined by p' also lifts to HxM. (We 
note that this is trivially true for actions of connected groups.) By the 
discussion in subsection 12.11 there is a unique subgroup Z in H which 
is the maximal subgroup of H such that the derivative of p on Z cosets 
is an isometry for an appropriate choice of metric on H/A. The de- 
scription given there shows that the lift of p(G") to HxM descends 
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to an action p of G' on Z\H. We denote by p the natural projection 
HxM^Z\H. 

Theorem 2.4. Let H/AxM, p, G', Z and p be as in the preceding para- 
graph. Given any action p' sufficiently G^ close to p, there is a con- 
tinuous G'xA equivariant map f : {HxM, p')^{Z\H, p) , and f is G^ 
close to p. Furthermore if p'—^p in the G^ topology then f^p in the 
C° topology. 

This is |FMH Theorem 1.8]. We note that f^p in the C° topology 
means that d{f{x),p{x))^0 uniformly on HxM. There is some am- 
biguity in this, since there is no A invariant metric on Z\H, but it is 
true that d{f{x),p{x))^0 in the metric on Z\H which makes p a Rie- 
mannian submersion. For the remainder of this subsection, we assume 
that G' = G. 

The map / defines a partition ^' of HxM into sets of the form f^^{x) 
where x is in Z\H. Since / is A equivariant, this partition defines to 
a partition ^' of H/AxM. We will show that, as a consequence of 
Theorem 12 .41 there is a A equivariant map 6 : HxM—yHxM mapping 
^5"' to ^ and intertwining the actions of G on 5^ and but first we need 
some definitions. 

If P is a partition of a topological space X and p is an action of a 
group D on X, then we say p preserves V, if for any set V^V, the set 
p{d)V is in V for any d in D. 

Given two actions p and p' of a group D on a topological space X 
and two partitions V and V of the space X where p preserves V and p' 
preserves V, we call a map : X^X a partition s emi- con jug acy from 
(X, p, V) to (X, p'V) if for any subset V&V we have 

(1) 0(V") is an element of the partition V' and, 

(2) <p{p{d)V) = p'{d)^{V) for any d in D. 

If is a homeomorphism, we call a partition conjugacy between 
{X,p,V) and {X,p'V'). Similarly one can refer to actions as being 
partition (semi-) conjugate. 

To be consistent with the vocabulary of |HPSj . when we are given 
two actions p and p' of a group D on a topological space X where p 
(resp. p') preserves a foliation ^ of X (resp. a foliation of X), a 
partition (semi-)conjugacy from {X,p,'^) to {X,p','^') will be called a 
leaf (semi-) conjugacy. Similarly, when we do not want to make explicit 
reference to the (semi-) conjugacy, we will say that two actions are leaf 
( semi- ) conjugate. 

We now construct a map 6 : HxM^HxM using / and p. The 
space HxM is a smooth locally trivial fiber bundle over Z\H with 
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fiber ZxM, so given x&Z\H, we can find a neighborhood U of x such 
that p^^{U) is diffeomorphic to U xZxM. We can therefore introduce 
coordinates on p~^{U) of the form {x, y) where x is in ?7 and y&ZxM. 
In these coordinates, p{x, y) = x. We can further write y = {z, m) 
where z&Z and m&M. 

Moreover, if we let m be the G invariant complement of 3 in f), 
then the tangent space to HxM at any point {x,z,m) can be writ- 
ten as T{HxM) 

{x,z,in) = tn © 3 © TMm- We can further choose the 
local product structure on p~^(f/) such that ([/, y) = expy W where W 
is the product of a fixed small ball in m with a small ball in TM^- 
By shrinking W and therefore U slightly, we obtain a trivialization of 
p~^{U) that extends to a trivialization of p~^{U') for U' an open set 
strictly containing U . 

By choosing p' close enough to p, we can arrange for / to be ar- 
bitrarily C° close to p, uniformly on HxM. This implies that given 
any compact set K in HxM., by restricting to sufficiently small 
perturbations p' of p, we can make the Hausdorff distance between 
f~^{x)r\K a.'n.d p~^ {x)r\K as small as desired for every x in f {K)r\p{K) . 
Since / and p are A equivariant and the A action on HxM is cocom- 
pact, for small enough perturbations we have f^^{x)Gp^^{U). Then 
for a point {x,y), we let 0{x,y) = {U,y)np'^^{f{x,y)). Therefore 
6{f~^{x)) = p~^(a;) for any xeZ\H. Since 6' is A equivariant by con- 
struction, we have a map 6 : H/AxM-^H/AxM and have established 
the following: 

Corollary 2.5. Let p' he an action of G on H/AxM sufficiently 
close to p. Then there is a C° small map 9 : H/AxM^H/AxM with 
the following properties. 

(1) If p'—^p in the topology then 6'^ Id in the C° topology. 

(2) em = d 

(3) the map 6 is a partition s emi- con jug acy from {H/AxM,p,^') 
to {H/AxM,p,d). 

Remarks: 

(1) One can deduce Corollarv 12.51 directlv from the proof of Theo- 
rem |231 

(2) The argument there proves more. It shows that the set of maps 
{dop'{g)\g^G} defines a G action on H/AxM that is close 
to p. 

(3) Remark (2) can be deduced easily from IFMH Theorem 6.7], 
but to avoid introducing additional notations and defintions, 
we do not do this here. 
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(4) The conclusion of Remark (2) will follow once we show, in sub- 
section ESI that 6' is a C"^ small homeomorphism. 

3. Hyperbolic dynamics and stability modulo central 

directions 

In this section, we show that the map 9 : H/AxM^H/AxM defined 
in the last subsection is a homeomorphism. Since 0{^') = ^, this 
implies that ^' is a foliation. We further show that ^' is a foliation 
by C leaves where r depends only on the size of the perturbation. 
The map 6 is then easily seen to be along leaves of ^. For technical 
reasons involving the last steps of our proof, once we have shown that 
6' is a homeomorphism, we prefer to work with (p = 6~^. 

We now briefly outline the argument of the section. Some of the 
terminology used here is defined below in subsection 13.11 First in sub- 
section 13.11 we recall some definitions concerning partially hyperbolic 
diffeomorphisms and a theorem of Hirsch, Pugh and Shub. In sub- 
section 1^121 we prove some basic facts concerning the dynamics of the 
affine actions of G that we are considering and produce a finite subset 
$ of G such that the intersections of the central foliations of p{g) for 
(yf in $ is the central foliation for G defined above in subsection 12.11 In 
subsection 13.31 we show that the map 6 : H/ AxM^H/AxM defined 
in subsection 12.21 is a homeomorphism and we let = 6~^. It then fol- 
lows that ^' = (pid) is p' invariant foliation. Finally in subsection 13.41 
we show that any leaf £ of 5' is the transverse intersection of central 
leaves VV^/^^^ for the diffeomorphisms p'{g) where g is in $. Since the 
theorem of Hirsch, Pugh and Shub implies that each foliation VV^,^^-) 
is by leaves, it follows that 'S' is a foliation by leaves, where r 
depends only on the size of the perturbation p'. 

3.1. Hyperbolic dynamics and foliations. The use of the word 
foliation varies with context. Here a foliation by leaves will be 
a continuous foliation whose leaves are injectively immersed sub- 
manifolds that vary continuously in the topology in the transverse 
direction. To specify transverse regularity we will say that a foliation 
is transversely . A foliation by leaves which is tranversely is 
called simply a C'' foliation. Note our language does not agree with 
that in the reference |HPSj where our foliation by leaves is a 
unbranched lamination and sometimes a injective leaf immersion. 
Given a foliation we denote the leaf through a point x by ^{x). 

Given a foliation by leaves, of a manifold X, a diffeomorphism 
/ is said to be r-normally hyperbolic to the foliation if there exists a 
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continuous / invariant splitting TX = E^^T^^Ej such that for every 

xex, 

(1) \\Df,\Ef'\\-'>\\Df,\j,r and, 

(2) p/.U^II < \\Df,\^-^-^. 

For any invariant subbundle V of TX and any fixed Riemannian metric 
on X, the norm above is the operator norm of Dfrc\v^. See |HPSj . 
chapter 1, for a more detailed discussion of normal hyperbolicity. There 
r-normally hyperbolic is also called "immediately, relatively r-normally 
hyperbolic." Also the definition given there is slightly different, and 
applies also to non-invertible /. That the definitions are equivalent for 
/ invertible is the content of the remark following Definition 1 in the 
introduction to |HPSj . 

We note that / being r-normally hyperbolic to ^ is equivalent to the 
existence of constants a,b > 1 with a> If and a continuous / invariant 
splitting TX = E]®Td®Ej such that 

(1) \\Df''{v'')\\>a''\\v''\\ ioT Sillv^'eE^, 

(2) \\Df''{v')\\<a-''\\v'\\ for all v'eEj and 

(3) -^b-'^Wv^W < ||D/"(w°)||<6"||t;°|| for all v^eT^ and all integers 
n. 

The definition of r-normally hyperbolic is motivated by the theory 
of partially hyperbolic diffeomorphisms. Given an automorphism / 
of a vector bundle E—>-X and constants a > b>l, we say / is {a,b)- 
partially hyperbolic or simply partially hyperbolic if there is a metric 
on E and a constant and C>1 a continuous / invariant non trivial 
splitting E = EJ^E^j^E'^ such that: 

(1) ||/"K)||>Ca"||t;"|| hiallv'^eE], 

(2) ||/"(t^")||<C-ia-"||^;^|| for all v'eEj and 

(3) C-^b-'^Wv^W < \\r{v^)\\<Cb''\\v°\\ for all t;°GE^ and all integers 
n. 

A diffeomorphism / of a manifold X is {a, b) -partially hyperbolic 
if the derivative action Df is (a, 6)-partially hyperbolic on TX. We 
remark that for any partially hyperbolic diffeomorphism, there always 
exists an adapted metric for which C = 1. Note that Ej is called 
the central distribution of /, Ej is called the unstable distribution of 
/ and Ej the stable distribution of /. We will also refer to the sums 
Ef^ = Ej(BEj and Ej^ = Ej(BEj as the weak unstable and weak stable 
distributions, respectively. 

Integrability of various distributions for partially hyperbolic dynam- 
ical systems is the subject of much research. The stable and unstable 
distributions are always tangent to invariant foliations which we call 
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the stable and unstable foliations and denote by Wj and WJ. If the 
central distribution is tangent to an / invariant foliation, we call that 
foliation a central foliation and denote it by Wj. If there is a unique 
foliation tangent to the central distribution we call the central distribu- 
tion uniquely integrable. For smooth distributions unique integrability 
is a consequence of integrability, but the central distribution is usually 
not smooth. For general partially hyperbolic diffeomorphisms, unique 
integrability of central foliations is difficult to establish. If the central 
distribution of an (a, 6) -partially hyperbolic diffeomorphism / is tan- 
gent to an invariant foliation Wj, then / is r- normally hyperbolic to 
Wj for any r such that a > V . 

Given partially hyperbolic diffeomorphism / which is /-normally 
hyperbolic to a central foliation, for k, />1, it follows from [HPS.| Theo- 
rem 6.8] that there are foliations tangent to the weak (un)stable distri- 
bution, which we call the weak (un) stable foliation and denote by WJ^ 
and Wf . 

In subsection 13.41 we need to use the work of Hirsch-Pugh-Shub on 
perturbations of partially hyperbolic actions of Z. We state a special 
case of some of their results from ^HPS . 

Theorem 3.1. Let f he an [a, b) -partially hyperbolic diffeomor- 
phism of a compact manifold M which is k-normally hyperbolic to a 
central foliation Wj. Then for any 6 > 0, if f is a diffeomor- 
phism of M which is sufficiently close to f we have the following: 

(1) /' is {a' ,b') -partially hyperbolic, where \a — a'\ < 6 and \b — b'\ < 
6, and the splitting TM = E],®Ej,®Ej, for f is C° close to 
the splitting for f ; 

(2) there exist f invariant foliations by leaves Wjf tangent to 
E'},®E'f,,W^Y tangent to E'f,®EJ,, W}, tangent to E'j,, WJ, tan- 
gent to EJ, and Wj, tangent to Ej,, and each foliation is close 
in the natural topology on foliations by leaves to the corre- 
sponding foliation for f . 

Statement (1) is standard. Statement (2) follows from |HPSj Theorem 
6.1 statement /, see also Theorem 6.8 of that book for more details. 
(The exact results in |HPSj are more general.) 

3.2. Dynamics of afRne actions. For the remainder of this section 
the group G is either a connected, simply connected, semisimple Lie 
group, J, with all simple factors of real rank at least two or a lattice 
F < J. We fix a manifold M, a real algebraic group H, and a cocom- 
pact lattice A < H and fix a quasi-affine action p of G on H/AxM. We 
recall from subsection 12. II that there is a finite index subgroup G' < G 
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such that p is defined by a homomorphism tt : G"— > < Aut(iJ)KiJ 
where tt = vr^vr^, where vr^ is a continuous homomorphism of J, the 
homomorphism vr'^ has bounded image, and the images of vr^ and ti^ 
commute. For the remainder of this section, we assume that G' = G. 
As above we let L be the product of the Zariski closure of t^{G') and 
H and let Z = Zl{h^{J)) fl H and 3 be the Lie algebra of Z. (Note 
that when G = J, L is always just H.) According to the discussion in 
section ITT| we can fix a Riemannian metric on H/AxM such that p{g) 
is an isometry of the metric restricted to the tangent space of ^. Given 
g&G there is a natural choice of p{g) invariant sub-bundles of T{H/A) 
with respect to which p{g) is partially hyperbolic whenever Ad(7r((yf))|(, 
has an eigenvalue off the unit circle. We first describe the case of affine 
actions. Writing coordinates on T(if/A)=if/Axf) as with [h] 

in H/A and vei) we have Dp{g) = (p(^)([/i]), Ad(,(7r(^))w). We let f^(^) 
(resp. fp(g)) be the subspace of f) for which Ad^n^g)) has all eigenvalues 
of modulus less than one (resp. all eigenvalues of modulus greater than 
one) and f^^^^ be the subspace of f) where Adf{TT{g)) has all eigenval- 
ues of modulus one. We can then define sub-bundles of T{H/A) as 

^k.) = ^/^xf(P(.))'^;(.) = H/AxfU,)) E;^^^ = H/Axfl^^^y It 
is straightforward to verify that p{g) is partially hyperbolic with re- 
spect to this splitting whenever this splitting is non-trivial. For the 
remainder of this paper, whenever we refer to p{g) as a partially hy- 
perbolic diffeomorphism, we mean partially hyperbolic with respect to 
this choice of splitting. We collect here some basic consequences for 
the dynamics of the action p. 

Proposition 3.2. For any affine action p of G on H/A and any g(zG 
there are Lie subgroups Fp(^g)iFp(^g) ^''^d Fpi^g-^ in H such that the folia- 
tions y^pi^g) , ^p{g) ^'^^ ^p(9) ^^'^■5^'^^ ^/ orbits of the corresponding group 
acting on the left on H/A. Furthermore 

(1) the groups -F'p(g) and F^^^^ are nilpotent, 

(2) z < f;^^) and zhf;^^^ = znF^^^^ = 1, 

(3) for every point in H/A the orbit map for and -^^(g) are 
injective immersions. 

Proof. That F^^^^, FJ^^-j and F^^^^ are subgroups, as well as claims 1 and 
2 are consequences of the fact f ^(.^-j , f ^^^^ and f ^^^^ are Lie subalgebras of 
t). This is true since if v and w are eigenvectors of Ad^ O7ro|fj(5') with 
eigenvalues A and p, then [v, w] is an eigenvector with eigenvalue Xp. 

We prove 3 for VV^^^^, the proof is identical for VV^j-^). Assume 3 is 
false, then there is an element of /GAfl/i^^F^^^-^/i. Since / is in A, / 
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is an element of 7Ti{H/A), which we can represent by a curve / lying 
entirely in h'^F^f^^^h. Since p{g) is a contraction on -^^(g) and therefore 

h'^F'^^g^h, for some large n, the curve p^{g)f is small and therefore 
contractible, a contradiction, since p"'{g) is a diffeomorphism and / is 
not contractible in H/A. □ 

We now discuss the case of a quasi-affine action p. We denote by p 
the affine action of G from which p is defined. We can define a split- 
ting of T(/7/AxM) as E;^^^ = if/ A x f , i// A x E^-^^^ = f^,(^„ and 
E'^f^g^ = H/Axf^^^^^^xTM. Again it is easy to see that p{g) is par- 
tially hyperbolic with respect to this splitting whenever this splitting 
is non-trivial. These sub-bundles are tangent to foliations where VV^j-^-) 
consists of Ff^gj orbits, VV^^^-, consists of F^*^^^ orbits, and VV^^^^ con- 
sists of products of orbits with M. It follows that all dynamical 
foliations for any quasi-affine action are smooth. 

We define Ep{G) to be the distribution H/Ax^xTM which is tan- 
gent to the foliation ^. We state a lemma here which says that there are 
finitely many elements in the acting group the sum of whose (un) stable 
directions is the complement of Ep{G) and that, therefore, the inter- 
section of their central distributions is exactly E^{G). 

Lemma 3.3. There exits a finite set $ of elements in G such that 
T{H/AxM) = H/Ax{J2 ^^fe)) x 3 x TM. 

Proof. The derivative of p on T{H/AxM) leaves invariant TM and 
f). We let Ad be the adjoint representation of L. It follows from the 
description of affine actions in subsection 12.11 that 3 is invariant under 
Ad |(,(7r(G)), that there is an Ad |(,(7r(G)) invariant complement m to 3 
and that Ad \m{7i{g)) is Ad \m{7T^{g)7i^ (g)) where the J representation 
7T^ does not contain the trivial representation. 

Recall from |FM11 Subsection 3.8] that for any element g of GL^ 



there is a unique decomposition of g = us = su where u is unipotent 
and s is semisimple. Further, we have a unique decomposition s = 
cp = pc where all eigenvalues of p are positive and all eigenvalues of 
c have modulus one. We refer to p as the polar part of g and denote 
it by pol(5'). As remarked there, one can define the polar part of an 
element for elements of any real algebraic group and this definition is 
independent of the realization of the group as an algebraic group. 

By IFMTI Lemma 3.21] there is a finite collection \1/ of elements in G' 
whose polar parts are Zariski dense in J. Combined with the fact that 
the representation Adovr-^ln^ of J does not contain invariant vectors. 
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this implies that iTinnfp(g) = 0. Letting $ = \l/n\l/ ^ completes the 
proof. □ 

As above, we let p be the action on Z\H defined by lifting p to an 
action on HxM and looking at the action on the leaves of the central 
foliation there. 

To describe some further properties of the dynamics, we recall the 
local product structure on if xM as a bundle over Z\H from subsection 
12.21 Recall that the sub-bundle HxMxm of T{HxM) is a G invariant 
complement to Hx^xTM. Letting exp be the exponential map for our 
fixed metric on HxM and letting 5^(0, e) be the ball of radius e in 
m, by choosing e small enough, we can guarantee that exp^.(i?n^(0, e) 
defines a family of manifolds transverse to the fibers of p. Furthermore 
if we write Wx = exp^(_Bn^(0, e)) then, for small enough e, we have a 
local product structure on HxM given by 

p-\W,)^Brr,iO,e)xp-\x) 

^BraiO,e)x{ZxM). 

We define a Riemannian metric on Z\H so the map p : HxM^Z\H 
is a Riemannian submersion. The next lemma says that for any small 
enough perturbation p' of p, points on the same transversal to p~^{x) 
can be moved apart. 

Lemma 3.4. There exists c > depending only on p such that for x 
in HxM and y, zeWx, there is gE^ and a non-negative integer n such 
that d{p{p'{gYz,p'{gYy) > c. 

Proof. As this is a special case of a fairly standard fact from (partially) 
hyperbolic dynamics, we merely sketch the proof. It suffices to consider 
points y&Wx with d{x,y) < c, since otherwise the lemma is true for 
any (?G$ and n = 0. We assume c is small enough that B{x,c) is a 
convex, normal neighborhood of x. Therefore the geodesic between z 
and y is entirely contained in B{x, a) and we can pull the geodesic back 
to the Tx{H/AxM) where it can be approximated to first order by a 
segment on a straight line which we denote by Vz^y. 

Since is transverse to 'S, by Lemma IX^ we can choose g&^ such 
that the angle between V^^y and y^pf(g){x) is bounded away from zero 
for all sufficiently small p'. The dynamics of p'{g) then force the an- 
gle between D p' {gYV^^y and W^f(^)(p'((7)"x) to be uniformly bounded 
away from zero. This implies that ||Dp'((y')"Vz,y|| grows at an exponen- 
tial rate controlled by the uniform lower bound on the angle, on the 
constants a, h for which p{g) is (a, 6)-partially hyperbolic and the 
size of the perturbation p' . By choosing c small enough, the first order 
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behavior of d{p'{g)"-z, p'{g)"-y) is given by \\Dp'{g)"Vz^y\\, so possibly 
after shrinking c again, we can assume that when \\Dp'{g)"-Vz^y\\ > 2c 
then d{p'{g)''x,p'{g)''y) > c. ' □ 

Corollary 3.5. There is a constant c depending only on p such that 
for any x,y&HxM with p{x)^p{y) and any p' sufficiently close to 
p, there exists and a non-negative integer n such that 

d{p{p{gnx)),p{p{gny)))>c 



Proof. Since we are only concerned with the distance between projec- 
tions under p, to prove the corollary, it suffices to consider y&Wx- This 
case is immediate from Lemma 13.41 □ 

3.3. Fiber structure. Throughout this subsection, we keep the no- 
tations and assumptions of subsection 13.21 In this subsection we show 
that the map ^ is a homeomorphism. As an immediate consequence, 
5"' is a foliation and ^ is a leaf conjugacy between {H/AxM, p', and 
iH/AxM,p,d). 

Theorem 3.6. The map 9 : H/AxM-^H/\xM defined in subsection 
\2.^ is a homeomorphism. 

Recall that our assumptions, stated in subsection 13.21 imply that the 
G action on H/AxM defined by p lifts to HxM. As remarked in 
subsection 12.21 if p lifts to HxM then all small enough perturbations 
of p also lift to HxM. 

Proof. We show that is a homeomorphism by showing it is a homeo- 
morphism on each fiber f~^{x). 

We first show 6\f--i-(x) is injective by a dynamical argument. Assume 
0\f-i(^x) is not injective, then there are two distinct points, w, zEf~^{x) 
such that 6{z) = 6{w). This forces p{z)^p{w) since otherwise z = w. 
Since, z^W^ by definition, it follows from Lemma f3. 31 that for some 
gEG the distance between d{p{p'{g){z)),p{p'{g)w)) is greater than some 
constant c depending only on p. Since / can be made arbitrarily 
close to p by restricting to small enough perturbations p' of p, 
we know that d{f{p'{g)z)Jip'{g)w)>l so f{p'{g)z)y^f{p'{g)w). By 
equivariance of / we have p{g)f{z) ^ p{g)f{w) which implies that 
f{z) 7^ f{w), a contradiction. 

We now show that 9\f-i(^x) is surjective. Let ttu' be composition of 
the restriction of 6 to p~^{U) composed with projection on the sec- 
ond coordinate. We can then look at the set Vy = T^u~^{y)- Given 
{x,y)&p^^{U), we show that the map / : Vy^U is onto. This has the 
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desired implication, since if 6\f~i(^x) is not surjective then there exists 
y such that nu'~^{y)nf~^{x) is empty and therefore x^fiVy). Since / 
is C° close to p, the map ip'u is C° close to projection on the second 
coordinate. Therefore, after identifying Vy with a subset of iU' ,y) by 
a vertical projection, / : Vy^U' is C° close to the identity map. Our 
result now follows from the following general topological lemma. 

Lemma 3.7. Let B he the hall or radius r ahout zero in a Euclidean 
space E. Let E he any continuous map from B into E such that 
d{E{x),x) < e for all xeB. Then E{B) contains the hall of radius 
r — 2e ahout 0. 

Proof. This generalizes the key point in the proof of the Browder fixed 
point theorem: we assume the map is not surjective and use this to 
construct a deformation retract from a closed ball onto it's boundary. 
Let B' be the ball of radius r — 2e and x a point in B'. Assume x^E[B). 
Let B^ = B{x,2e) and look at E{B^)cB. Let 5"=-^ be the boundary 
of B{x, 2e) Define a map from B^ to S*^"^ by taking yEB,, to E{y) and 
then projecting to S^~^ along the ray from x to E{y). This gives a 
continuous map F from 5^ to S^^^ which, when restricted to S'^~^ is 
C° close to the identity. The map E is C° close to the identity on S^~^ 
and so is of degree one and homotopic to the identity. Therefore we 
can define a map from B'' to S'''^ which is the identity on S''~^ as 
follows. Take B^ and embed it in a larger closed ball Bf. Let S*^^^ 
denote the boundary of B'' and Si~^ denote the boundary of B'^. Our 
map is defined by first taking E to get a map from B^ to Bf\lnt{B'') 
and then compose with the deformation retract from S^\Int(-B'^) to 
Si^^ described by the homotopy from F to the identity. This then 
gives a new map F' which is a deformation retract from B^ to Si^^. 
This is impossible since TTk-i{S^~^) = Z and Tik-i{B) = 0. Therefore 
xeF{B). □ 

□ 

3.4. The leaves of ^' are smooth. This subsection is essentially a 
proof that ^' is a foliation by leaves, as defined at the beginning of 
subsection 13.11 The degree of smoothness will depend on the size of 
the perturbation p' or, more precisely, on the largest r such that p\g) 
is r-normally hyperbolic for all where $ is as in Lemma (3.31 For 
technical reasons both here and in later sections, we let ip = and 
work with ip rather than 6. 

Theorem 3.8. Given k, there is a neighhorhood U of p in the space 
Hom(G,Diff^(i7/AxM)) such that for any p'E.U the homeomorphism 
%p : H/AxM-^H/AxM defined ahove has the following properties. 
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(1) The central foliation ^ of H/AxM for the action p is mapped 
by ip to a foliation ^' of H/AxM that is central for the action 

P'- 

(2) The leaves of ^' are and ip is along leaves with k-jet 
depending continuously on H/AxM. 

(3) the homeomorphism ip is a leaf conjugacy between {H/AxM, ^, p) 
and {H/AxM,^',p'). 

(4) The map ip is C° close to the identity and also small along 
leaves, 

The main point is the improvement in the regularity of leaves of 
and all other conclusions follow quickly from this one. The key fact is: 

Lemma 3.9. // ip is as defined above and p{g) is partially hyperbolic, 
then ^(W;(^)) = V^(W;^^)) = W^^^^ and ^(W^^^)) = W^f^^y 

Proof. The proof proceeds in two steps. First we show that any leaf V 
of ^pfi^g) (resp. VV^,"g-)) is a union of leaves of Second, we show that 
for any leaf V of VV^f^^-j (resp. of W^J^^)) there is a leaf V of VV^^^^ (resp. 
of y^pfg)) such that V'Gip{V). Interchanging the roles of p' and p in the 
argument proves the reverse inclusion, forcing ipO^) = Since any 
leaf of y^p(^g) is a transverse intersection of leaves of VV^"^-) and y^p^g) 
and |HPS| Theorem 6.8] implies that any leaf of VV^,^^) is a transverse 
intersection of leaves of VV^,"^) and VV^f^^^ this immediately implies that 
for any V of ^^p,^gy there is a leaf V of W^^^g^ such that V = ^p{V). 
To prove all of these statements, we will use the construction of leaves 
of VVp?(c,) (resp. VV^?!^)) from |HPSj . which we recall in the following 
paragraph. 

Following |HPSj . section 6, we pick a smooth local transversal rj to 
the tangent bundle -E^(g) to the foliation VVp(g)- As noted there, this 
can be chosen to be a smooth approximation to E'^^^g^QE'^^^y Since in 
our setting, E'^^f^^-^QE^f^g-^ is smooth, we let rj = E^^^^^^E'^f^^y We denote 
by V the manifold which is the disjoint union of all leaves of VV^^^^. 
Note V does not have a countable base and may not be separable, see 
|HPSl Examples 2 and 2', page 68] and following for related discussion. 
Let i : V—^H/AxM be the inclusion and pull rj back to a bundle 
i*ri. Note that there is a metric on rj and therefore i*r] defined by 
our choice of Riemannian metric on H/AxM and let i*ri{l) be the 
bundle of discs of radius /. Then as described in |HPSj . there are 
numbers r > and Eq > such that expoi^ : i*r]{eQ)^H/ AxM is a 
diffeomorphism when restricted to i*rj\B{x,r) where x&V and B{x,r) is 
a ball of radius r in a leaf of VV^^^^. (In |HPSj . the sets B{x,r) are 
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replaced by plaques of a plaquation of V. In our context, i.e. when 
the action of p{g) is isometric along V, it is easy to see that one can 
find a plaquation by small enough balls.) Now for any e < Eq, we can 
pull back the action of p{g) (resp. p'{g)) on H/AxM to a (partially 
defined or overflowing) i*p{g) (resp. i*p'{g)) action on i*rj{e), see | iHPS| 
pages 94-95] for details. As in HP^ . we define a submanifold VVpf(g) 
of i*T]{e) by W^^f^^^^ = DnKoi* p'{gT{i*v{£))- By HPS, p.l07] this is 
a C'' submanifold of i*ri{e) such that exp oi^(W^f(-g)) is the fohation 
W;,%). Replacing p'{g) by p'{g-^), gives = Hny^i* p'{gT{i^{e)) 

a submanifold such that exp oi^(VV^,"^^) is the foliation VV^,"^-). As 
in |HPSl Theorem 6.8] the intersection ^p'(g)'~l^p'%) is transverse and 
the image of a section crp'(g) : V^i*ri{e) such that exp oi^ocrp/(g)(V) is a 
leafofW;,(^). 

Note that there is a foliation i*"^ (resp. i*^') of i*r]{e) defined on 
each component of V by pulling back ^5^n exp (77(e) |v) where VgW^^^^. 
Note that we consider the leaves of these foliations to be connected 
components of pre-images of leaves rather than entire pre-images of 
leaves. This foliation is preserved by i*p{g) (respectively i* p'{g)) for 
any g in G. 

Since is a C*^ small homeomorphism, for any leaf Ve W^j-^-j and any 
xgV, we have 



^(exp(??(|)|Bv(^,§))) C exp(r7(£)|Bv(^,^)) 



and so we can pull back ip to a, map : i*rj{^)-^i*rj{e). 
We now have the following diagram of Z actions: 



{i*r,{^)^i*p{g)) ^— - {H/AxM,p{g)) 
(i* iv) (e) , ep'ig) ) — (^/ A y<M,p'ig)) 



where the horizontal arrows are equivariant and the vertical arrows are 
leaf conjugacies. 

We first show that each leaf of VV^f^^^ is a union of leaves of 
Given a leaf U of we can find a leaf C of VV^^^-, such that UcC 

Note that for the leaf C of W^(^), we have that yVplg^ni*7]{e)\c = 
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(expoi^) ^(y)ni*ri{e)\c where V is the unique leaf of VV^^^-^ contain- 
ing C Furthermore, from the definition of VV^^^-^ it then follows that 

{eoexp)-\U)m*v{e)\cCt*p{gnz*v{l)) 

for all n < 0. Since is a leaf conjugacy, possibly after shrinking e, 
we have 

z*^{{i*oexp)-\U)m*7]{e)\cCt*p'{gnt*7]{e)) 
for all n. This implies that 

t*^{{t*oexp)-\V()m*v{e)\c) = {foexp)-\^{U))m*v{e)\c 

is contained in W^f^^-j ni*?7(£:)|£. This then implies that ipi^) is con- 
tained in VV^f(^) as desired. 

Now the fact that i*ip is a leaf conjugacy, the definition of VV^f^^-j 
and yVpfg) and the fact that each leaf of VV^f^^^ (resp. VV^^^-,) is a union 
of leaves of ^5^' (resp. implies that '^*4'(y^p{g))'^^p^{g)- This implies 
that for any VeW^'{g) there is VeW^f{g) such that ^/j{V)cV. In- 
terchanging the roles of p and p' and replacing ip by the same 
argument proves that for any VEWpf^g) there is V" GWp'^ (g) such that 
iIj^^{V')gV" . These two facts then imply that for any V&}Vp^{g) there 
is V'eW^f{g) such that V^(V) = V. 

A similar argument using g^^ in place of g implies that for any 
VeVy^"^) there is V'G>V^"(^) such that tjj{V) = V. As remarked above, 
it then follows that for any leaf V of VV^^^^^ we have ip{V) = V where 
V is a leaf of W;,(^) . 

□ 

Remark: The proof of Lemma 13.91 does not depend on all of our 
assumptions and the statement could be made more axiomatic. All we 
require is that ip is a. leaf conjugacy and that any leaf of VV^^^^ is a 
union of leaves of for any g&^. 

We recall two definitions and a lemma from |MQ| page 145-6: 

Definition 3.10. (1) Let N be a smooth Riemannian manifold and 
Ni,N2 two immersed manifolds. We say that Ni and N2 
intersect s -transversely if Nir\N2 a manifold N' of dimension 
dim{TNi{x)r\TN2{x)) for any xeTVifliVs. 
(2) Let N be a smooth Riemannian manifold and Ni, . . .,Ni a col- 
lection of immersed submanifolds. We say that the fam- 
ily Ni,...,Ni intersects s-transversely if (^izl^i intersects s- 
transversely with Nj for j = 2, 
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Definition 3.11. Let N be a smooth manifold and Ni, . . .,Ni a collec- 
tion of manifolds. We call a collection N[,...,Ni of submani- 
folds of N a topologically trivial e-perturbation of Ni, . . ., Ni if there 
is a homeomorphism h : N-^N such that 

(1) = km 

(2) d{h{x),x) < e for all xeN , and 

(3) for any xEN and any i, let Bi{x) (resp. B[{h{x))) be the unit 
balls in the tangent space TNi{x) (resp. TN[{h{x))). Then 
Bi{xi) and B[{h{x)) are within an e neighborhood of each other 
m TN. 

Remark: On |MQ[ p. 145], the same notion is called an e-perturbation. 
We choose to modify the terminology, since the original terminology is 
somewhat deceptive. 

Lemma 3.12. Let N be a compact manifold and Ni,...,Ni be 

submanifolds intersecting s -transversely, then 

(1) P[\^iNi is a submanifold, and 

(2) there exists £ > depending only on N, such that if N[, . . ., is 
any topologically trivial e -perturbation N[, . . .,Nl of Ni, . . ., Ni, 
then N[, . . .,Nl intersect s -transversely. 

Point (1) for I = 2 is Lemma 5.5(1) of |MQ| , where replaces 
the word smooth. The proof is the same. As noted on page 146 of 
|MQ| , the case of / > 2 follows by induction. Similarly part (2) fol- 
lows from |MQt Lemma 5.5(2)] and induction. The proof of |MQ[ 
Lemma 5.5(2)] implicitly uses that if A^^i, are C'' submanifolds of N 
and N[,N2 are a topologically trivial e-perturbation of Ni,N2 then 
dim(TA^((x)nTA/'^(x)) = dim(iV{nA^2) for every x in N. A priori 
dim(TA^((x)nTA''2(x)) could drop, but it is in fact bounded below by 
dim(A^(niV2). This can be deduced from standard facts about transver- 
sality using an argument similar to the proof of MQ Lemma 5.5(1)]. 
This is not noted explicitly in |M( 



Since we will need to know not just that the leaves of ^' are 
submanifolds but that "S' is a foliation by leaves, we require a slight 
strengthening of Lemma 13.121 also remarked on MQ , page 146] . Let 



"Si, . . .^i be foliations by leaves of a compact manifold A^. We say 
that the intersect s-transversely, if for each xeN, leaves ^i{x) in- 
tersect s-transversely and the dimension of the intersections r\l^-j^^i{x) 
is independent of x for any j from 2 to /. We say that a collection of 
foliations ■ ■ ■ , d'l of N is an e-perturbation of ^i, . . . if: 

(1) there exists a homeomorphism h : N^N with h{^i) = for i 
from 1 to / and d{h{x),x) < e for ever xEN; 
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(2) for any x&N and any i, let Bi{x) (resp. B[{h{x))) be the unit 
balls in the tangent space T^i{x) (resp. T^[{h{x))). Then 
Bi{xi) and B[{h{x)) are within an e neighborhood of each other 
in TN. 

As remarked in |MQ| , a slight modification of the proof of Lemma 
13. 121 shows that 

(1) if T^i,...,S^i are s-transverse foliations by leaves, then the 
foliation defined by intersections of leaves of ^i, . . ., is a foli- 
ation by leaves, and; 

(2) if is compact, there exists e > such that any e-perturbation 
of ^1, . . ., ^5^; is s-transverse. 

Lemma 3.13. Given k, if p' is a sufficiently small, perturbation 
of p, the leaves of the foliation ^' are the s-transverse intersections of 
leaves of VV^/^^-) for g&^. Therefore ^' is a foliation by leaves. 
Furthermore, the foliation ^' is close to ^ in the natural topology on 
foliations by leaves. 

Proof. We fix a neighborhood of p in Hom(D,Diff^(M)) such that 

(1) for p{g') is close enough to p{g) to satisfy the hypotheses 
of Theorem 

(2) the map = constructed in subsection 12 . 21 satisfies d{tlj{x),x) < 
6 (or equivalently d{6{x),x) < e) for e as in Lemma [3.121 

Let £' be an arbitrary leaf of and let £ = {£,'). Note that 
the leaf 11 of is the s-transverse intersection of leaves V^^^^ of VVp(g) 
for By Lemma 13.91 for every (76$, we know that '^O^p(g)) is a 

leaf V^,(g-) of y^p'i^g) and therefore by Theorem 13.11 a C'^ submanifold 
of H/AxM which is close to some leaf of VV^^^^. Since is a 
homeomorphism and can be made arbitrarily small by choosing p' close 
enough to p, Lemma l!3.12f 2) implies that ^(V^^^^) = V^,^^) intersect s- 
transversely in a manifold. Since 

nde*V'(v;(g)) = V'(nde$v;(,)) 

= ^(£) = £' 

it follows that every leaf £' of ^' is a submanifold of H/AxM. The 
remarks following Lemma 13.121 the imply that ^' is a foliation by C'' 
leaves. □ 

Proof of Theorem VJ.tA The homeomorphism ip^^ = 9 is constructed in 
subsection 12.21 and shown to be a homeomorphism in Theorem 13.61 
Since is given by projecting from leaves of "S' to leaves of ^ via a 
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smooth transversal, and leaves of ^' are by Lemma \'A.VA\ the map 
ip is C'^ and small along fibers. 

The remaining conclusions follow from Corollary 12.51 and Theorem 
EH 

□ 

We will eventually need one additional fact concerning ip which is 
now straightforward. To state this fact about ip, we need to define 
some additional dynamical foliations. Let Ep,{G) be the distribution 
tangent to Given we take the distributions Ep{G)(BE^^g-^ and 

£'°,(G)©£'^,(^). Recall that ^ is tangent to -E°(G'). For the p action 
there is a smooth foliation tangent to Ep{G)(BE^f^g^, which we denote 
by T?©l^p(g)- To see this, one notes that the group Z normalizes the 
group and so the product ZF^^^^ is a subgroup of H. For the case 
of affine actions, the foliation T?©l^p(g) is just the orbit foliation for the 
left action of ZF'^^^^ on H/A. For quasi-affine actions, we recall that 
there is a natural projection H/AxM^M and the foliation 5^©Wp(g) 
is given by pre-images in H/AxM of the ZF^^^^^ orbits in H/A. We 
note that the lift of any leaf of 'S®^p{^g) to iJxM is of the form of 
p~^{y) where V is a leaf of VV^^^-). 

Proposition 3.14. For every g&^, there is a p' invariant foliation 
^'®^P'i9) of H/ Ax M tangent to E'^p,{G)®Ep^g^ such that tPimW^^g-^) = 

Proof We can define the foliation 5''©>Vp,(g) to be V'(5'©>V^(3))- A leaf 
V of the foliation T?©Wp(g) is given by sets of points sharply forward 
asymptotic to a leaf £ of ^. Here, as in |HPSj . x is sharply forward 
asymptotic to £ if d{p"'{g)x, p"'{C)) goes to zero at least as fast as 
exp(— An) for some A > depending on the dynamics. Since ip is a 
leaf conjugacy it follows that a leaf V of '^'©^^^'(p) is the given by 
sets of points sharply forward asymptotic to a leaf C of By jHPS| 
Theorem 6.8 (e) and (f)], the leaves of ^pi^g) are exactly sets of points 
sharply forward asymptotic to the orbit of a point on a leaf of ^p'(g)- 
Therefore, a leaf V of ^^'©W^,^^-) is the union of all leaves of VV^,^^-) 
through a leaf £' of This immediately implies that ^^'©W^,^^^-) is 

4. Property T and conjugacy 



tangent to E'^,{G)(BEt, ) and completes the proof. □ 



In this section, we modify the leaf conjugacy obtained at the end of 
the last section to obtain a semiconjugacy. The a priori regularity of 
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this semiconjugacy will be somewhat bad. In section we show it is a 
homeomorphism, in section El we show it is differentiable along many 
foliations and in section[7|we show it is differentiable and even C°° when 
p' is C°°. The key ingredient in the arguments of this section is |FM2| 
Theorem 2.16], so we begin by recalling some notation and definitions 
from subsection 2.3 of that paper. For most of this section G will be 
a compactly generated topological group, though for our applications, 
G will be J or r as above. 

Throughout this section X will be a second countable, compact, 
Hausdorff manifold and will be a foliation of X by G^ leaves. For 
background on foliated spaces, their tangent bundles, and transverse 
invariant measures, the reader is referred to jCCj or |MSj . 

We let Diff'^(X, 5) be the set of homeomorphisms of X which pre- 
serve 5 and restrict to G^ diffeomorphisms on each leaf with derivatives 
depending continuously on x in X. For l</c<oo, there is a natural G^ 
topology on Diff'^(X, ^5^). The definition of this topology is straightfor- 
ward and is recalled in |FM2| Subsection 2.3]. 

We now define a special class of perturbations of actions. 

Definition 4.1. Let G be a compactly generated, topological group 
and p an action of G on X defined by a homomorphism from G to 
Diff°°(X, ^). Let p' be another action of G on X defined by a homo- 
morphism form g to DiS''{X,^). Let U be a (small) neighborhood of 
the identity in Diff^(X, ^5^) and K be a compact generating set for G. 
We call p' a (U, C^)-foliated perturbation of p if: 

(1) for every leaf 2 of ^ and every gEG, we have p{g)2. = p\g)2. 
and, 

(2) p'{g)p{g)^^ is in U for every g in K . 

We fix a continuous, leafwise smooth Riemannian metric g^ on T^, 
the tangent bundle to the foliation and note that g^ defines a volume 
form and corresponding measure on each leaf £ of ^J, both of which 
we denote by z/j. (Metrics g-^ exist by a standard partition of unity 
argument.) Let G be a group and p an action of G on X defined by 
a homomorphism from G to Diff'^(X, ^). We say the action is leafwise 
isometric if g^g is invariant under the action. When G = 1 and Z =< 
/ >, we will call / a leafwise isometry. 

For the remainder of this section, we will assume that the foliation 
has a transverse invariant measure v. By integrating the transverse 
invariant measure v against the Riemannian measure on the leaves of ^5^, 
we obtain a measure /i on X which is finite when X is compact. In this 
case, we normalize g:^ so that p{X) = 1. We will write (X, ^, g^, p) for 
our space equipped with the above data, sometime leaving one or more 
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of d,g^ and /i implicit. We will refer to the subgroup of Diff'^(X, 5^) 
which preserves u as Difr^(X,^^). Note that if p is an action of G 
on X defined by a homomorphism into Diff^(X, ^5^) and p is leafwise 
isometric, then p preserves p. Furthermore if p is an action of F on X 
defined by a homomorphism into Diff^(X, ^) and p' is a (f/, C^)-leafwise 
perturbation of p, then it follows easily from the definition that p' is 
defined by a homomorphism into Diff^(X, ^) since the induced map on 
transversals is the same. 

Before stating one of the main results of |FM2j , we will need a coarse 



quantitative measure of the C'' size of map. We denote by B^{x, r) 
the ball in 2^ about x of radius r. For a sufficiently small value of r > 0, 
we can canonically identify each B:g{x, 2r) with the ball of radius 2r 
in Euclidean space via the exponential map from T^^j. to We first 
consider the case when k is an integer, where we can give a pointwise 
measure of size. Recall that a C'' self map of a manifold Z acts on 
/c-jets of functions on Z. Any metric on TZ defines a pointwise 
norm on each fiber of the bundle of J^{Z) of /c-jets of functions on Z. 
For any diffeomorphism / we can define as the operator 

norm of the map induced by / from J^{Z)z to J^{Z)f(^z)- For a more 
detailed discussion on jets and an explicit construction of the norm on 
J^{Z)z, see [FM2I Section 4]. We say that a map / has size less 
than 5 on a set U if < 5 for all z in U . If k is not an integer, 

we say say that / has size less than 5 on f/ if / has size less than 
5 onU where k' is the greatest integer less than k and (/) satisfies a 
(local) Holder estimate on U . See |FM2t Section 4] for a more detailed 
discussion of Holder estimates. 

Remark: This notion of size is not very sharp. The size of the 
identity map will be 1, as will be the size of any isometry of the metric. 
We only use this notion of size to control estimates on a map at points 
where the map is known to be "fairly large" and where we only want 
bounds to show it is "not too large" . 

For the following theorem, we assume that the holonomy groupoid 
of (X, ^) is Hausdorff. This is a standard technical assumption that 
allows us to define certain function spaces on "pairs of points on the 
same leaf of (X,^?)". See jFM2l Subsection 6.1], [CD] and |MEI for 
further discussion. All the foliations considered in this paper for the 
proof of Theorem II. II are covered by fiber bundles, and in that case the 
holonomy groupoid is Hausdorff. We now recall |FM2l Theorem 2.16]. 

Theorem 4.2. Let G he a locally compact, a-compact group with prop- 
erty (T). Let p be a continuous leafwise isometric action of G on X 
defined by a homomorphism from G to DiS'^{X,^). Then for any 
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k>3, K > and any <j > there exists a neighborhood U of the identity 
in Diff*^(X, 5^) such that for any continuous {U^C^) -foliated perturba- 
tion p' of p there exists a measurable map : X^X such that: 

(1) (l)op{g) = p'{g)o(j) for all geG, 

(2) maps each leaf of ^ into itself, 

(3) there is a subset S<zX with p{S) = 1 — ? and T-S has full 
measure in X, and a constant rGM"*', depending only on X, ^ 
and g:g, such that, for every xES, the map (p : B:g{x,r)-^£,x 
is C^~^~'^-close to the identity; more precisely, with our chosen 
identification of B^{x, 2r) with the ball or radius 2r in Euclidean 
space, — Id : B^{x,r)—i'B:g{x,2r) has C'^-^-'^ norm less than 
q for every xeS, and 

(4) there exists < t < 1 depending only on G and K such that the 
set of xgX where the C^~^~'^ size of cj) on B^{x, r) is not less 
than (1 + <;y~^^ has measure less than t\ and. 

Furthermore, for any l>k, if p' is a (72i-A;+i QQHon, then by choosing U 
small enough, we can choose cf) to be on B^{x, r) for almost every x 
in X . In particular, if p' is C°° then for any l>k, by choosing U small 
enough, we can choose to be C' on B:g{x,r) for almost every x in X. 

Remarks: 

(1) Since p' is a foliated perturbation of p, the transverse measure 
u is p' invariant. This is because p' defines the same action on 
transversals as p. 

(2) The map constructed in the theorem is not even close the 
identity on X. However, the proof of the theorem shows that 
for every l<q<oo, possibly after changing U depending on q, 
we have J^{d{x, (l){x))'^dp<<;. 

We now proceed to show how Theorem 14.21 can be applied in the 
proof of Theorem 11.11 As before, we fix a semisimple Lie group J with 
all simple factors of real rank at least two and a lattice F in J and let 
G be one of J and F. We also fix an algebraic group H, a cocompact 
lattice A < H, a. compact manifold M and a quasi-affine action p of G 
on H/AxM. Once again, we assume that p lifts to HxM. We fix the 
foliation ^ of H/AxM by central leaves for p{G) as in subsection 12.11 
We further assume that the G action defined by p lifts to an action on 
HxM. We note that there is a transverse invariant measure u to ^ 
defined by lifting to HxM and identifying local transversals with their 
projections to Z\H. 

Proposition 4.3. Let U C Hom(G, Diff^(if/AxM, ^J)) be a neighbor- 
hood of p, there is a neighborhood V of p in Hom(G, DiS\H/AxM)) 
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such that if p'eV is a action and ip is the homeomorphism from 
Theorem Vj . ^ then ip^^opoip is in U. Furthermore, given m>k, by as- 
suming p' is C"" and possibly after shrinking V , we can also guarantee 
that ij-^opo^p IS m Hom(G,Diff|,(i7/AxM,^^)). 

Proof. This is immediate from the definitions and Theorem 13.81 □ 

Theorem 4.4. For every k>3, k > andq > 0, there is a neighborhood 
V of p in Hom(G', Diff^(/7/AxM)) such that if p'eV then there exists 
a measurable map (f : H/AxM^H/AxM such that: 

(1) (pop{g) = p'{g)oip for all geG, 

(2) (f maps each leaf of into a leaf of ^' , 

(3) V5(S^©>V^(g)) = i®^p'{g) on a set of full measure m H/AxM 
for any gEG, 

(4) there is a subset ScX with p{S) = 1 — <j and T-S is of full mea- 
sure in H/AxM, and a constant rGM^, depending only on X, 
and g^, such that, for every x&S, the map ip : B^{x,r)^^{x) 
is C^~^~'^-close to the identity; more precisely, with our chosen 
identification of B^{x, 2r) with the ball or radius 2r in Euclidean 
space, if — Id : B:^{x,r)^B^{x,2r) has C^^^^*^ norm less than 
i, for every xeS, and 

(5) there exists < t < 1 depending only on T and K such that the 
set of x&X where the C''~^~'^ size of ip on B^{x, r) is not less 
than (1 + ^)'^^ has measure less than t^q and. 

Furthermore, for any l>k, if p' is a (7^'^^+! action, then by choosing U 
small enough, we can choose to be C' on B^{x, r) for almost every x 
in X . In particular, if p' is C°° then for any l>k, by choosing U small 
enough, we can choose (p to be on B^{x,r) for almost every x in X. 

Remark: Conclusion (4) combined with equivariance of ip and the fact 
that the central foliation is the quotient of the fibers of a bundle, imply 
that for almost every x, the map (f is C^~^~^ along "^{x) and that the 
derivative Dip : T^{x)-^T^{x) is an isomorphism at all points of 

Proof. By Proposition 14.31 we can apply Theorem 14.21 to the actions 
p and ip^^op'oip. This produces a map satisfying the conclusions of 
Theorem 14.21 We let ip = ipoip which satisfies (1) and (2) by construc- 
tion. Since ip is uniformly small when restricted to any leaf of 5^, the 
estimates in (4) and (5) follow from the estimates in Theorem 14.21 (3) 
and (4). Point (3) follows from Proposition 13. 14l the fact that maps 
almost every leaf of ^ to itself, and the fact that leaves of ^ffiVV^^^-, are 
unions of leaves of ^. □ 
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The majority of the remainder of this paper is devoted to a proof that 
the map (p constructed above is a small diffeomorphism with regularity 
depending on the regularity of p' . This suffices to prove Theorem 11.11 
in the case when the p action lifts to HxM. An additional argument 
in subsection 15.31 completes the proof. With this in mind, we fix: 
Notation for the remainder of this paper: As above J will be a 
semisimple Lie group with all simple factors of real rank at least two 
and r < J will be a lattice. We will fix G to be one of J and F and 
also fix a quasi-affine action p of G on H/AxM. Until subsection 15.31 
we will assume that the G action p lifts to HxM. In subsection 15. 3( 
we explain how to remove this assumption. In addition, we will fix 
an integer k and p' will always denote a perturbation of p which is 
sufficiently small so as to be able to apply Theorem 14.41 and if will 
be the resulting semi-conjugacy. We allow the possibility that p' is 
for some l>k, including / = cxd, so as to be able to prove the C°° case 
of Theorem 11.11 We also fix the maps ijj and (p from Theorems 13.81 and 
Ol the projection p : HxM^Z\H and the map / : HxM^Z\H 
from Theorem 12.41 

5. Continuity along dynamical foliations 

In this section, we show that is a homeomorphism by showing that 
it is a homeomorphism when restricted to certain dynamical foliations. 
To do this we show that for any (76$, maps contracting leaves for the 
action p{g) on H/AxM to contracting leaves for p'{g) and deduce from 
this that p is a. homeomorphism along those foliations. Throughout 
this section, all notation is as fixed at the end of the section E] or as in 
subsection 13.11 Once we have shown that is a homeomorphism, we 
show, in subsection 15.31 how to remove the assumption that the action 
p lifts to a G action on HxM. 

5.1. Equivariance of contracting foliations. We use the equivari- 
ance of p to show that: 

Proposition 5.1. For every (76$ and almost every xeX , the map p 
defined in Theorem \4.4\ nnaps a set of full measure in the le-af W^f^g-^^x) 
into the leafyVp(^g^{p{x)). 

The proof of this proposition takes up the rest of this subsection. 
If if were continuous as well as equivariant, this would follow easily 
from standard dynamical arguments. We begin by introducing some 
terminology and notation. Fix a finite set $ of elements in G as in 
Lemma f3. 31 for the remainder of this section. We introduce a function 
which measures the extent to which ip does not take stable leaves to 
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stable leaves for a fixed element g&^. We define this function on a 
H/AxMxF^f^gy where F^^^^ < if is as in Proposition 13.21 We denote 
the identity in F^^^^ by ep- We note that p{g) induces a contracting 
automorphism of F^j-^-j which we denote by g{g). We denote the dif- 
feomorphism {p{g),g{g)) of if/ A x M x F^j-^^ by p{g)- The projection 
TT : H/AxMxF^^g^^H/AxM is equivariant for the Z action gener- 
ated by p{g) on H/AxMxF^^^s^ and the Z action generated by p{g) 
on H/AxM. First note that if we take the leaf of ^'®y^pi(^g) through 
a point X in X, this is foliated by stable leaves, each of which inter- 
sects the leaf of ^' through x in exactly one point. Given a point y on 
the leaf of 5^'©l^p'(g) through x we will look at it's projection to the 
leaf through x defined by this unique intersection point, call this 
point p^'{y). We denote the restriction of the fixed Riemannian metric 
on H/AxM to the foliation ^ by g^. Note that the bounds on the 
derivatives of ip along ^ from Theorem I4.4f 4) and (5) imply that for 
almost every x in H/AxM, there is a small ball B:g{x,e{x)) such that 
is a C^~^~'^ diffeomorphism when restricted to B:g{x,e{x)), where k 
depends only on the size of the perturbation. For x in S' as defined 
in Theorem 14.41 point (4), the number e is very close to the number r 
specified in that theorem. For general x, the number e depends on the 
bound from (5) of Theorem 14.41 Regardless, whenever p^'{ip{fx)) is in 
ip{B:g{x,e{x)) we define: 



And let /) = oo otherwise. While the fact that e{x) is not p{g) 
invariant prevents us from concluding that /) is p{g) invariant, 
we do have the following weaker condition on 6{f,x). Since and 
71 are G equivariant, p{g) is isometric along and p:g> is p{g) equi- 
variant, it follows that if S{x, f) < oo and S{p{g)x, g{g)f) < oo, then 
S{x, f) = S{p{g)x, g{g)f)- It is clear that 6{x, ep) = for almost every 
xeH/AxM. 

We recall some basic facts concerning density points. For more dis- 
cussion of the density points, including a proof of the density point 
theorem, see |M2| IV. 1]. First, we need to specify a 6-metric on 
H/AxMxF^^^y Recall that given a number 6 > 1, a 6-metric on a 
topological space F is a map d : YxY^M.-^ satisfying the usual ax- 
ioms of a metric, except that the triangle inequality is replaced by 
d{x,y)<b{d{x, z) + d{z,y)). Our 6-metric will be the sum of the met- 
ric induced by our choice of Riemannian metric along H/AxM with a 
metric on the fiber analogous to the one introduced in the proof of |M2| 
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Corollary IV. 1.6]. Given a ball B in F^^^^, we define a right invariant 
2-distance function on E^^^-^, by letting: 

nB(/i,/2) =max{nGZ|(/rV2)Gf?(^?)"(5)} 

This is an addition invariant 2-distance function by the proof of |M21 
Corollary IV. 1.6]. Given and the distance cIh/axm induced by 
adapted metric on if/A x M, we define a 2-distance function on H / Ax M x 
by letting 

d{{xi, /i), {X2, /2)) = dH/AxR4{xi, X2) + C?b(/i, /s). 

Whenever discussing density points in H / KxMxFp^^-^ (resp. F^^^-^ or 
H/AxM) we mean density points with respect to balls in the metric d 
(resp. ds or dx)- For dsjdx and d, we will denote by Bd{x,e) (resp. 
Bdg{x,e) or _Brfj^^^^(a;, e)) the ball about x of radius e. 

Given a topological space F , a 6-distance function c? on F , a measure 
fi on y, and a measurable set CgY, we call a point a density point 
of C if 

^.^KCnB.ixe))^^^ 
e^o fi{Bdix,e)) 

Note that this conclusion is most reasonable in the case where fi is 
a regular Borel measure which is (i-finite dimensional in the sense of 
|M2| IV. 1]. The generalization of the classical density point theorem 
as stated in |M2| Theorem IV. 1.5] says that if Y,d above and 

that if /i is d-finite dimensional, then the subset of C consisting of 
density points of C is of full measure in C. We do not give a more 
detailed discussion here, since we will use the density point theorem 
only through the following consequence, which is a special case of |M2| 
Corollary IV. 1.6]. 

Proposition 5.2. Let F be a locally compact, compactly generated 
topological group, q : F—>-F a contracting automorphism of F andCcV 
a (Haar) measurable subset. Then if cp is a density point of C, the 
sequence {0{g)^"'{C)}neN converges in measure to F. 

Proof. In the proof of |M2t Corollary IV. 1.6], it is shown that the sets 
{0{g)~"'{f~^C)}n£N converge in measure to F whenever / is a density 
point of C. This implies the desired conclusion. □ 

Let Vfl be the set of points of in H/AxMxF^^^^ such that 6{x, f)<l3 
and let f/g be the set of points x in H/AxM such that e{x) < [3. We 
now show that for any /9 > 0, the set Vp is of full measure in U^xF^^^y 
Note that by the conclusions of Theorem 14. 4[ the set Up—^H/AxM in 
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measure as (3^0. The proof of the lemma below is complicated by the 
fact that we need to work with points x that are density points both 
in H/AxM and along the leaf of ^p{g){x)- 

Lemma 5.3. For every j3 > 0, the set Vf3 is a set of full measure in 

Proof. We fix f3 and f/g. Fix a constant r] > 0. Then by Theorem 
I4.4f 5) there is a number Ci and a set UiCUp with /x(?7i)>(l — ri)fi{U/3) 
where for any xGf/i, ip\ui is differentiable and ||D0(x)|5||<Ci. 

By Luzin's theorem, we can can choose a set U2CH/AXM with 
A*(t^2)>l — V and a continuous map 6 : H/AxM^H/AxM such that 
(p = e on U2. Let f/3 = f/ifl^/anf/^ and note that /i(f/3)>(l -2r7)/i([/^). 

Define the map U : H/AxMxF^^^^^H/AxM by U{x, f) = fx. We 

define (f = ipoll and 6 = 60II. As a result, we have <^ = 6' on n^^(t/2). 

The manifold H / AxMxF^^^-^ is equipped with a product measure 
/ixz/ where is Haar measure on F^^^y Note that there is no diffi- 
culty in applying Fubini's theorem to this product measure. For all 
f^^ka) n(/7/AxM,/) = H/AxM, and n(-,/),/i = /i and there- 
fore /x(n(-, /)-if/,) = /i(?7,). 

By Fubini's theorem and the density point theorem, the set U4 of 
points which are density points for UsnlxxF^f^^^) are of full u measure 
in U^f^lxxF^^^^) for almost all xeH/AxM. Applying Fubini again, im- 
plies that Uin{H/AxMx{f}) is of full /i measure in U^f\{H/AxMx {/}) 
for almost every / with {x, f)&T\r^{U^) for some x&H/AxM. By 
changing basepoint by translating by /, we can assume that f/5 = 
Uin{H/AxMx{eF}) is of full measure in U'sDiH / Ax M x {ep}) and 

thatMt^5)>(l-2?7)Mf^;3). 

Let Nr{x) = {i\p{g)^^xEU5}. The set Nf{{x) is infinite for almost 
every X&U5 by the Poincare Recurrence Theorem. Given fEF^^^^^ let 
Nn{x,f) = Nn{x)n{j\g{g)-^fe{Usn{{p{g)-^{x)}xF-^^^^)}. Then for u 
almost every /gF^^^^, Proposition 15.21 implies that Nji{x, f) is infinite 
for almost every x in f/5. 

For xGf/5, y = fx and uENr^x, /), it follows that 

d{^ipig)-x),vipigr'y)) = d{d{p{g)-x),d{p{g)--y)) 

since the definition of Nii{x,f) implies that p{g)~"'x and p{g)~"'y are 
in U2. 

The definition of Ui, the fact that p{g)^"'{x) is in Ui and compactness 
of H/AxM imply that there exists a constant C depending only on 
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the geometry of H/AxM such that 



B^{x,e{x))) {Ps'ifiPid) "y)))^p{9) "a;)< 



whenever x&U^ and nENfi{x,y). Since 6 is uniformly continuous and 
d{p{g)~^x, p{g)^"'y)^0 as n^oo, by choosing nENji{x, /) large enough, 
we can guarantee that 



Proof of Proposition I5.il Take the sequence Vi . Then V = fl^^i Vi is 

n n 

a set of full measure in H/AxMxF^^^^^ and is also a set of full measure 
in almost every fiber. By definition of Vg, for any xEUp such that V is 
of full measure in the F^, fiber over x, ip takes a set of points of full 



5.2. is a homeomorphism. In our setting, Lp = (poij) is not a priori 
a homeomorphism since is not even a priori continuous. However, we 
will show that ip is agrees almost everywhere with a homeomorphism 
when restricted to the leaves of any of the foliations VV^^^-) for (76$. We 
will then use this fact to prove that (p is in fact a homeomorphism. We 
begin with some definitions. Recall that if X is a Riemannian man- 
ifold with a foliation ^, there is a natural volume on the leaves of 5^ 
defined by the restriction of the Riemannian metric to T"^. We will call 
a map of a non-compact space uniformly small if it is uniformly close 
to the identity on all compact sets. Similarly, we say that two home- 
omorphisms g are uniformly close if hg~^ is uniformly small and we 
say that a sequence of homeomorphisms on a non-compact converge 
uniformly to a homeomorphism h if the maps hnh~^ is uniformly small. 

Definition 5.4. Given a Riemannian manifold X equipped with a fo- 
liation ^ by smooth manifolds and a map h : X^X , we say that f 
is: 

(1) essentially continuous along ^ if for almost every x&X the re- 
striction of h to "^{x) agrees almost everywhere with a continu- 
ous map, 

(2) essentially a homeomorphism along ^ if for almost every xGX 
the restriction of h to ^{x) agrees almost everywhere with a 
uniformly small homeomorphism and, 




□ 




□ 
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(3) essentially uniformly continuous along ^ if it is essentially a 
homeomorphism along ^ and for every sequence a;„— >x with 
h{xn)-^h{x) , the maps h\^(^x„) agree almost everywhere with 
maps which converge uniformly to a homeomorphism h : dix)-^^{h{ 

The first step in proving continuity of (f is proving: 

Proposition 5.5. For any (76$ the map (p is essentially uniformly 
continuous along W^^^-, . 

Before proving the proposition, we require a lemma that follows im- 
mediately from the definition of ip. Recall that ip is continuous and is 
covered by a map ip such that: 



{HxM,p) — - {HxM, p') 
p 

iZ\H, p) 

where all maps are right A equivariant and p and / are left G equivari- 
ant. As an immediate consequence of this and the fact that / and p 
are uniformly C° close and A equivariant we have: 

Lemma 5.6. Let V he a leaf ofWp,^g^ and V the Uft ofV to HxM. 
Then f : V'^fiV') is homeomorphism onto a leaf of Wt^^y Further- 
more if V is a leaf ofW^^^g-j with lift V to HxM, and 

(1) V is close to V' and, 

(2) f{V) = p{V) 

then f : V— *>/(V') is uniformly close to p : V^p{V). 

Since (p preserves the foliation of H/AxM which is covered by fibers 
of p, we have that ip commutes locally with the projections / and p, 
i.e. that for any UgH/AxM, we have 





where the arrows p and / are defined by viewing U and p{U) as subsets 
of HxM. With this in mind we can now proceed to prove Proposition 
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Proof of Proposition 15. ,51 By Proposition for almost every x, we 
have that 

^(>V;(,)(a;))c>V;,(,)(^(^)). 

By the commutative diagram above, for almost every x there is a neigh- 
borhood U of X such that /(</'(W^(^)(x)nf/)) = p(Wp^g){f{x))n<^{U)) 
and therefore V9(>V^(^-) (a;) n?7) = Wp,(^g^{ip{x))n{p{U). Furthermore, since 
by LemmaEini /Iw^, A'p{x))nu projects yVf,,(„){^p{x))nU homeomorphi- 

cally onto f{W^, J(f{x))(l(p{U)), we can write <f\yus r^) as 
p yy) p{g) \ I 

V\ (w;^^) (x)n^(c/)) o/ 1 w;,j^j (v(x))n^(c/) 
which is clearly a homeomorphism. The fact that /|(w^j ^{ip(x))r\ip(u)) is 
close to p|>vs^ ^[x)^^^U by Lemma implies that ip is essentially 
a homeomorphism along W^^^-) . 

That if is essentially uniformly continuous along W^^^^ follows from 
the fact that / and p are C° and uniformly close on all of HxM, are 
homeomorphisms when restricted to leaves of VV^^^-j and VV*,^^^ respec- 
tively and the fact that the foliations W^^^-, and VV^,(-^) are continuous. 

□ 

At this point we want to conclude that since is a essentially a 
homeomorphism and essentially uniformly continuous along foliations 
whose tangent spaces span T[H/AxM) at each point, is a home- 
omorphism. However it is unclear that (p should agree with a single 
well-defined global homeomorphism. Our proof of this uses that the 
foliations involved are smooth, or at least absolutely continuous, in 
order to use Fubini's theorem repeatedly. We first give two general 
lemmas from which we will deduce continuity of (p. To avoid technical- 
ities concerning integrability, we will prefer to work with 1 dimensional 
foliations. For our application we need only the second statement in 
the following lemma, but we state and prove the first statement since 
it makes the ideas involved clearer. 

Lemma 5.7. (1) Let X be an n dimensional compact Riemann- 
ian manifold and Vi, V2, . . .1^ smooth nowhere vanishing vector 
fields such that TX^ = ®i=iVi{x) for every xeX . Let be the 
foliation tangent to Vt, and let h : X—>-Y be a measurable map 
which is essentially uniformly continuous along each ^i. Then 
h is a homeomorphism. 
(2) Let X be as above, let Vi. . .Vk be nowhere vanishing vector fields, 
and let ^'^ be a smooth foliation of X by manifolds of dimension 
n-k such that TX^ = ®i=iVi{x)®Td%x) . Let h : X-^Y be a 



LOCAL RIGIDITY OF GROUP ACTIONS 



35 



measurable map that is essentially uniformly continuous along 
each Further assume that we can cover X by foliation charts 
Ui for ^'^ such that h is a small homeomorphism along most 
leaves of ^'^ in Ui. Then h is a homeomorphism. 

Remark: An examination of the proof indicates that we could make 
shghtly more general assumptions on the vector fields Vi provided we 
choose a collection of vector fields which spans the tangent space of X 
at every point and such that the foliations are absolutely continuous. 
We only state and prove the version needed for our applications to avoid 
unnecessary technicalities. 

Proof. We first prove (1) and then explain how to modify the proof 
to prove (2). We work in a chart U that is a foliation chart for each 
and can in fact assume that U = M" and that the foliation is 
given by lines parallel to the line k where xj — for jy^i. We de- 
note the line parallel to Zj passing through the point y by li{y). Let 
Wj = liXl2X- ■ -xlj and let Wj be a j plane parallel to Wj specified by 
coordinates (x^+i, ■ ■ a;„). We prove by induction that h agrees almost 
everywhere with a homeomorphism hj{xj + 1, • • ■, Xn) along almost ev- 
ery j plane Wj. By assumption h agrees almost everywhere with a 
small homeomorphism along almost every line parallel to h. Assume h 
agrees almost everywhere with a continuous function hj along almost 
every j plane Wj parallel to Wj. Then by Fubini, for almost every such 
j plane Wj, we have that for almost every yEWj, the map h agrees 
almost everywhere on Ij^iiy) with a small homeomorphism hy. We 
define a map /ij+i(a;j+2, . . . , Xn) on PF^+i by letting hj — hy where that 
map agrees almost everywhere with h. This map extends continuously 
to a homeomorphism on Wj+i since h is essentially uniformly continu- 
ous and therefore the maps hy are uniformly continuous. The map hn 
is a small homeomorphism that agrees almost everywhere on IJ with 
h. That hn is independent of the chart chosen follows easily from the 
definitions. 

For (2) we use induction to prove a slightly weaker statement which 
still suffices. We re-index our vector fields as V^+i, . . ., and re-index 
the resulting foliations similarly. We work in a foliation chart U for '^'^ 
and such that '^'^ is given by planes of the form R'^ x (x^+i , . . ., x„) 
and for k -|- l<i<n, each foliation is given by lines li as above. To 
begin our induction, we use that h agrees with a small homeomorphism 
along most of the planes W^. The induction follows as before, with 
the change that at each step we only assume that h agrees almost 
everywhere with a homeomorphism on most planes Wj show that h 



36 



D. FISHER AND G.MARGULIS 



agrees almost everywhere with a homeomorphism on most planes Wj+i 

□ 

We now need a lemma to show that in the setting of our applications 
we can apply Lemma I^TI 

Lemma 5.8. Let X be a compact Riemannian manifold, ^ a smooth 
foliation of X and V a nowhere vanishing smooth vector field on X 
such that V{x)&T'$x for every x&X . Let '^v be the foliation tangent to 
V . If h : X^Y is essentially uniformly continuous along then h is 
essentially uniformly continuous along 

Proof. It suffices to work in a chart U which are foliation charts for 
both ^ and We can choose coordinates on such a chart so that 
U = M", and the foliation ^ is given by M.^xy where j/GM"~^ and the 
foliation is given by M.xz where zgM"^^. We are assuming that h 
agrees with a homeomorphism h of M.^xy for almost every y, and by 
Fubini's theorem this implies that h and h agree almost everywhere on 
M.XZ for almost every z. □ 

We are now prepared to prove continuity of if. 

Theorem 5.9. The map (p constructed in the proof of Theorem "J^ 



agrees almost everywhere with a C° small homeomorphism. 

Proof. We will apply Lemma 15.71 to (f. In doing so, we let ^'^ be ^. 
It follows from Theorem I4.4r 4) that by restricting to small enough 
perturbations, we can cover H/AxM by foliation charts where (f is 
(jk-i-K gj^g^ii most leaves of ^ for some k<1, and therefore that J 
satisfies the hypotheses on '^'^ in Lemma [5.71 We choose elements V^Gf) 
such that each ^£fp(g) for some gE^ and such that Q)Vi ©3 = f). Then 

each Vi defines a smooth non- vanishing vector field Vi on H/AxM, 
and T{H/AxM)^ = ®Vi{x)®T^. By Lemma Ol and Proposition ESI 
we have that ip is essentially uniformly continuous along the foliation 
tangent to Vi for each i. Therefore, we can apply Lemma (5.71 to (f 
which implies that is a small homeomorpism. □ 

5.3. Additional arguments in the case of discrete groups. In 

the case of F actions, we have been assuming that the unperturbed F 
action lifts to the cover HxM. As remarked above, this is always true 
on a finite index subgroup F' of F which depends only on p. We have 
constructed a continuous C° small conjugacy for the F' actions with ad- 
ditional regularity along ^ and we now explain how to replace this with 
a C° small conjugacy for the F actions with the same additional regular- 
ity along 5. The passage to F' is required in the proof of Theorem 14.21 
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In that proof, when we conjugate the p' action by we only know that 
the r' action defined by ip'^op'oip preserves ^ and therefore is in small 
neighborhood of p in Hom(r',Diff[;(/7/AxM,^?). Neither of these facts 
is clear for the full F action. In fact it suffices to show that ip'^op'oiplT) 
preserves ^, since closeness to p in Hom(r,Difr^(i7/AxM,:y) then fol- 
lows from the definition of ip. Therefore the remainder of this subsec- 
tion is dedicated to a proof that ip^^op'otp(T) preserves ^. Without 
loss of generality, we assume F' is normal in T. 

Given two (closed) subsets A,B of a. metric space {X,d), we let 
ds{A, B) = inf aeA,b&B d{a, h). 

Definition 5.10. Let a group D act on a manifold X preserving a 
foliation ^. We call the action c-leafwise expansive if there exists a 
constant c, such that if £ and £' are distinct leaves of and there is 
feF such that ds{p{g)Sl, p{g){2')) > c. 

Note that many foliations, e.g. any foliation with a dense leaf, do not 
admit leafwise expansive actions. We will be applying Definition 15. 1(JI 
to the lift of p to HxM, which is c-leafwise expansive by Corollarv l3.5l 

Lemma 5.11. Let c > and p be a c-leafwise expansive action of a 
group D on a foliated metric space {X, d, ^) . Let h be a homeomorphism 
of X such that: 

(1) d{h{x),x) < c for all xgX 

(2) h{p{g)£,) = p{g){h{il)) for any leaf H of^ and any dED, i.e. h 
and p commute as actions on leafs of ^. 

then h{2) = £ for every leaf 2^ of ^. 

Proof. Assume h{2,)y^£,. Then there is a point xGll with h{x)^£j. By 
our assumptions, there exists g&D such that ds{p{g){dh{x)), p{g)dx) > 
c. But then dsih^p^g)^^^)), {p{g)(ydx))) > c which contradicts (1) 
above. □ 

We define a subgroup Homeo(if/AxM, J) of Homeo(if/AxM) which 
consists of all homeomorphisms which map each leaf of ^ to itself. 

Proposition 5.12. Given a quasi-affine action p of V on H/AxM 
which lifts to HxM, any small enough homeomorphism in the central- 
izer in}lomeo{H/AxM) of p{T') is an element of B.omeo{H/ Ax M,^) . 

Proof. If / is a small homeomorphism commuting with p(r'), the there 
is a unique lift f of f to HxM such that / is small as a homeomorphism 
of HxM. Since / is small, for any small enough 7Gr' we have that 
[f\ p{l)] is a small homeomorphism of HxM covering the identity on 
H/AxM and so / and p{'j) commute. Since T' is finitely generated this 
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implies that / commutes with T' on HxM. Let ^ be the hft to HxM 
of the fohation ^. Since Corollary 13.51 imphes that the p'(r) action on 
HxM is leafwise expansive, Lemma \5 . 1 II implies that / maps each leaf 
of ^ to itself. This then implies that / maps each leaf of ^ to itself. □ 

We need one more purely algebraic lemma. For simplicity, we will 
write p"(7) for ip^^op'['-f) o ip and state the lemma only in the form 
needed for our applications. The lemma is true for any pair of homo- 
morphisms from a group D to a group H which agree on a normal 
subgroup in D. 

Lemma 5.13. //70 is in T, then the diffeomorphism p(7o)op"(7o)~^ 
commutes with p{^) for all 7Gr'. 

Proof. For any (^gF' and 7^F, we have 7o77o~^£r' which implies that 
P" (70770"^) = p(7o77o"^)- Expanding gives: 



We choose a set of coset representatives 71, ... ,7^- for F/F' and as- 
sume that p' is close enough to p so that p{^i)p" is sufficiently 
small so that Lemma l5.13l and Proposition lS. 12l implv that p(7j)p"(7j)~^ 
is close to the identity in Homeo(iJ/AxM, This implies that p"(7i)i2 = 
p(7i)£ or that p'(7) o = ipop{g,){S) for all 7eF. 

We know that ip = (poip where ip is the homeomorphism constructed 
in Theorem 13.81 This implies that is also a homeomorphism, which, 
by construction is in B.omeo{H/AxM,^). Combined with the conclu- 
sion of the last paragraph, this implies that p'(7)o'?/;(£) = ■?/;op(7j)(£) 
for all 7GF. This suffices to allow us to apply Theorem l4.2l to the entire 
F action in the proof of Theorem 14.41 rather than just to the F' action. 
This constructs a map such that (p = (potp is F equivariant and (p 
satisfies all the conclusions stated in Theorem 14.41 
Remarks: 

(1) We can now re-apply the arguments of subsections 15 . II and 15 . 21 
to show that is a C° small homeomorphism. 

(2) It is not clear that the (p constructed from the F' action is 
actually equivariant for F. In applying Theorem 14.21 to the F 
action, we may be finding a different conjugacy. 




P(7o)p(7)p(7o ^) 



(p(7o) V"(7o))p(7) 



p(7)(p(7o ^)p"(7o)) 



proving the lemma. 



□ 
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(3) Due to the arguments of this subsection, for the remainder of 
this paper, we no longer assume that p hfts to an action of G 
on ifxM. 

6. Smoothness along dynamical foliations 

In this section, we adapt the method of Katok-Spatzier to show that 
is differentiable along certain special expanding and contracting folia- 
tions by constructing transitive group actions along those foliations. 
All notations are as in the previous section. 

6.1. Some other important dynamical foliations. In this subsec- 
tion we define some additional important foliations related to the group 
actions p and p' . These foliations are the ones to which we will apply 
the method of Katok-Spatzier, building transitive smooth actions of 
Lie groups, along the leaves, that are intertwined by ip. First we define 
the relevant foliations in the unperturbed setting. The exposition here 
is similar to the exposition in section 5.1 of |MQ| . 

Recall that G = J oi T. Let 5* be a maximal R split torus in J and 
T be a maximal torus containing S. The foliations we are now defining 
depend on the choice of T and in the case of F actions, we will make 
restrictions on that choice below. 

Recall from Definition ll.2l that p is a skew product action on H/AxM. 
More precisely, the action on H/AxM is defined by an action on H/A 
and a cocycle l : GxH/A^K over that action where K < Isom(M). 
Recall from Theorems 12 . II and 12 . 31 that . possibly after passing to a sub- 
group of finite index when G = T, the action on H/A is defined by a ho- 
momorphism vr : G^L where L = Aut{H)'^xH is an algebraic group. 
Note that H is normal in L, so f) is invariant under Ad L. We have an in- 
variant splitting of the tangent bundle T{H/AxM) = {H/ Ax\))xTM 
and all elements of G are isometrics along TM. The derivative cocycle 
leaves f) and TM invariant, and, again after passing to a subgroup of 
finite index if G = F the restriction to f) is given by the representation 
a = AdiltjOTfo of G on f). From now on when describing the action and 
the derivative cocycle, we assume that if the acting group is F we have 
passed to a finite index subgroup for which this description holds. We 
recall that ttq = HqITq where tTq is (the restriction of) a representation 
of J, Hq has bounded image, and the images of tIq and Hq commute. 
Therefore we can write cr = a^a^ where is (the restriction of) a 
representation of J, has bounded image and the images of and 
commute. 

For g&TnG, define the Lyapunov exponents of a{g) as the log's of the 
absolute values of the eigenvalues of cr{g). We obtain homomorphisms 
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X '■ TnG-^M which extend to homomorphisms x '■ >M. The x ^^^e 
exactly the absolute values of the weights of the representation for 
the torus T, and we will refer to them as generalized weights. There 
is a decomposition of f) into generalized weight spaces E^, i) = Q)xE^. 
Corresponding to this there is a decomposition of the tangent bun- 
dle to H/AxM into invariant subbundles for the derivative action, 
T{H/AxM) = {{H/Ax{®xEx))xTM. We call H/AxMxE^ a Lya- 
punov distribution for the GCiT action defined by p. 

The set Q of all generalized weights for {a, T) can be decomposed into 
disjoint subsets [x] such that if and only if x' = tx ^^i some pos- 

itive real number t. We fix a set QcQ of representatives for the subsets 
[x\- If X = identically, we call H/AxMxEqt the central distribu- 
tion for the action GflT. It is integrable, and we denote by Wo,t the 
corresponding foliation. It is clear that n^i^o.T = Eq defines an inte- 
grable distribution and that H/ AxEq(BTM = E'^f^^y Other Lyapunov 
distributions may or may not be integrable, but H/AxMxE^^] = 
®\(^[x]H / AxMxEx is always integrable. We denote the integral fo- 
liation on H/AxM by Wi^] suppressing the dependence on p and T in 
the notation. 

We now describe the choice of T for the case G = T. The reader 
should note that if we choose T so that TflF = e, then all of f) is in 
Eq. To obtain a more useful set of Lyapunov distributions, we need 
the following theorem which we derive from results of Prasad and Rap- 
inchuk from |PRp| . Without loss of generality, we assume that F is the 
direct product of a finite number of irreducible lattices Fj. We write 
J = Yli Ji where Fj < Ji is irreducible, and for any maximal torus 
T < J, we can write T = Yl[ Ti where Tj < Jj is a maximal torus. 

Theorem 6.1. Let J and F be as above. Then there is a maximal 
torus T in J such that: 

(1) T contains a maximal M.-split torus S 

(2) E = FnT is cocompact in T, 

(3) For any Ti there is no proper algebraic torus T/ < Tj such that 
T/nF is a lattice in T/. 

Furthermore if p : J— >GL„(]R) is any linear representation of J and 
ctgS projects to an infinite order element in each Ti, then ^{a) is not 
a root of unity for any nontrivial weight ^ of p. 



Proof. It suffices to prove the theorem for Fj < Jj. The first two as- 
sertions follow from |PRp Theorem 1] and the assertion immediately 



LOCAL RIGIDITY OF GROUP ACTIONS 



41 



preceding the proof of that theorem. The third assertion is an imme- 
diate consequence of two facts. First Fj is arithmetic, and therefore 
Fj < G{k) for some field k. Combined with PRp| Proposition 
this imphes that any infinite order element of Fj generates a Zariski 
dense subgroup of Tj. The last statement follows from |PRp[ Proposi- 
tion and the fact that /x necessarily agrees with a homomorphism 
of Fj on subgroup of finite index and so must be defined over a finite 
extension of A;. □ 

From now on we assume that we have picked T satisfying the conclusion 
of Theorem 16.11 We do not use all the properties of T here, but will 
need them in subsection 16.41 

The following lemma is analogous to |MQt Lemma 5.2]. 

Lemma 6.2. Fix a maximal torus T as above. Let E{T) be the sum of 
^Ix] /^^ non-trivial weights x for (o", T). Then there exists a finite 
subset \E'CG' such that: 

T{H/AxM) = TMx {Y^^^^Dp{g){H / KxE{T)))xE,. 

Proof. It suffices to prove that 

T{H/k) = {Y^^^^Dp{g){H/AxE{T)))(BEo). 

We know that the derivative of p is given by linear representation cr : 
G— >-Ad(L). The structure of a implies that t) = where 
(resp. a^) is trivial on f)^ (resp. f)^). From the definitions, it suffices 
to see that 

i)^ = J2Dp{9)iH/AxE{T)). 

The inclusion of the right hand in the left hand side is clear. If the left 
hand side contains a subspace V not contained in the right hand side, 
then we have that V is in the zero weight space for cr^lcnT with respect 
to our choice of maximal torus T for J. For G = J, this is only possible 
if the representation of a^\V is trivial, contradicting our assumptions. 
For G = r, the contradiction follows since we have chosen a T as in 
Theorem 16.11 □ 

Fix a non-trivial generalized weight xo for {a^, T). Then there exists 
go^TnD such that Xo(fl'o) < 0. It follows that for all x'^[Xo], x'(fl'o) < 
0. For every gETnG with Xo(fi') < 0, note that Q)x{g)<oE^ is the stable 
distribution -E'^(a)- "^^^^ distribution is tangent to the foliation W^j-^^ . 
It is clear that E^^^^ contains -E[xo]- We call an element of T regular if 
for all non-trivial weights x fo'^ i^^^yT), x(a)7^0. Combined with the 
usual descending chain arguments, this yields the following lemma. 
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Lemma 6.3. Let xo be a non-trivial weight for {a^,T). Then 

where the intersection is taken over all regular a with Xo(a) < 0. Fur- 
thermore, there exist regular elements ai, . . .aqETf\G with Xo('3'j) < 
such that we can take the intersection just over E^^^ y 

We now define a finite collection of foliations and distributions which 
we will use below. Fix a maximal torus T and a set ClcQ as above. Also 
fix a collection of elements Oil , . . . , Ojq gT as in Lemma (6.31 Given g&G 
let Ef^, = p(<7)i?M>>^M = P(^)>^[xb^p%) = Pi9)E;^a.) and W^^^ = 
Pi9)^ka.y We can also define E'/^^^^ = p'{g)E;,^^^^ and W^^^^ = 
P'i9)^p'{ai)- W^ ^^^^ show that ip is smooth along each Wj^j for gE"^ 
and x^^- To do this, we first need to identify the image of W^j under 

Proposition 6.4. For every m > 0, if p' is sufficiently close to 
p, for every x the intersection VVj^j = n^p''{*a ) ^ suhmanifold 
tangent to the distribution E\y^^-\ = f]E^f. Furthermore, V^(Wj^](x)) = 
W^^^{(p{x)) for every xEX . 

Proof. It suffices to consider the case where g is the identity, since 
other cases follow by translation. We will show that the intersection 
is s-transverse and then apply Lemma f3.12f lV Since dimension of in- 
tersection of the distributions Ep^^,^ can only be smaller than for the 
corresponding intersection of -£'p(a.) , it suffices to show that dimensions 
of the intersections of the foliations does not decrease. This is immedi- 
ate from the fact that / projects VV^,(-^^) homeomorphically onto VV|(-^.-) 
by Lemma [5.61 and p projects VVp(a.) homeomorphically onto VV|(a.) by 
definition. So dimensions of all intersections of foliations are equal in 
the perturbed and unperturbed cases and therefore the intersection 
nVV?/f„ ^ is s-transverse. 

The final claim follows from the fact that y9(>V^^^.-)(x)) = ^p!La{'^{x)) 
which is true for each Oj for almost every x by Proposition I5.H and 
therefore also true for all x by Theorem 15.91 and Lemma 15.51 It is also 
possible to prove that y9(>V^^^ = Wpf^^,-^{ip{x)) for all x directly by 
a dynamical argument. □ 

The rest of this section describes a variant of the method of Katok- 
Spatzier which we use to show smoothness of ip along the foliations 
yy^] for 5'G\& and x^^- The outline here is close to that of [KSl] 
or IMQI , but there are two additional difficulties. First, we need to 
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have estimates on the size of various maps in both the normal form 
theory of Guysinsky-Katok |GK1 IGuj and in the work of Montgomery- 
Zippin |MZj . In both cases, these estimates follow from examination 
of the existing proofs, as is explained below. Secondly, we will need 
to show that ergodic components consist of entire leaves of Wj^j for a 
more general class of actions than those considered in |MQ| . 
The precise statement we prove is: 

Theorem 6.5. We use the notation introduced before. Let n he the 
dimension ofW^^y Let 9 : D^xD™"""— i>X be a smooth foliation chart 
for W^j . Then there is a number ki depending only on p such that for 
all k>ki and all p' sufficiently close to p: 

(1) the map ip : >V[^](x)^W[^](x) is a injective immersion 

(2) the map given by (f)o6{-,y) is con- 
tinuous and C° close to the map Qq induced by the identity on 
H/AxM. 

Furthermore if p' is C' for some l>k then 

(1) the map ip : 'W[^]{x)^W^^t^{x) is a C' injective immersion 

(2) the map Q : Z^™^"-^ Emb'(Z}", X) given by (j)o6{-,y) is contin- 
uous. 

6.2. Theory of non-stationary normal forms. Before giving the 
construction of the groups acting transitively on foliations, we outline 
the theory of non-stationary normal forms that will be used to show 
smoothness of the group actions on the leaves for the perturbed action. 
The theorems we use are due to Guysinsky and Katok and the refer- 
ences are |Gu| IGK] . Some of our definitions are slightly different from 
those of [HulIGEl. 

Consider a continuous extension JF of a homeomorphism / of a com- 
pact connected metric space X to a vector bundle V over X which is 
smooth along the fibers and preserves the zero section. Let F = DJ-'q 
where the derivative is taken at the zero section in the fiber direc- 
tion. Fix a continuous family of Riemannian metrics on the fiber 
of V. Consider the induced operator JF* on the Banach space of 
continuous sections of V endowed with the uniform norm, given by 
T*v{x) = F{v{f~^{x))). For i = 1,. . .1, let Aj = [Xi, Pi] be a finite set 
of disjoint intervals on the negative half line with Aj+i > pi. Assume 
that V splits as a sum of subbundles V = Vi®- ■ -(BVk such that the 
spectrum of JF* on the space of sections of Vi is contained in the annu- 
lus with inner radius exp(Aj) and outer radius exp(/ij). If pi < 0, then 
the map .F is a contraction with respect to the continuous family of 
Riemannian metrics chosen above. 



44 



D. FISHER AND G.MARGULIS 



Remark: When is a contraction it also makes sense to consider 
T which is only defined in a neighborhood of the zero section in V . 
Theorem l6.6l below holds in this generality, and with some care a version 
of Theorem 16.71 can be stated in this context as well. 

We say that T has narrow band spectrum if fii + fii < Aj for all 
i = 1,...,/. 

We call two extensions C'^ conjugate if there exists a continuous 
family of diffeomorphisms of the fibers V{x), preserving the origin 
which transforms one extension into the other. The following two the- 
orems on normal forms and centralizers are from |Gut IGKj . We remark 
that to avoid unnecessary definitions we did not state the theorems in 
their full generality, but these are sufficient for our applications. 

Theorem 6.6. Let f be a homeomorphism of a metric space X and 
suppose that T is extension of f which is a contraction, that the 
linear extension DJ-'o has narrow band spectrum determined by the vec- 
tors X = (Ai, . . ., A;) and fj, = (/ii, . . and that T is close to 
DTq in a neighborhood of the zero section. There exists a constant 
ki = ki{X,fi) such that if k>ki there exist 

(1) a finite dimensional Lie group Gx^^ which is a subset of all poly- 
nomial maps from M"* to R"^ of degree less than or equal to d 
for some d < oo, 

(2) an extension T such that for every xgX, the map 

: V{x)^V{f{x)) 

is an element of G\y, 

(3) a conjugacy H between T and T which is small. 

Theorem 6.7. Suppose g is a homeomorphism of the space X com- 
muting with f and Q is an extension of g by diffeomorphisms of the 
fibers commuting with the extensions T and that T satisfies all of the 
hypotheses of Theorem \().b] and k>ki. Then H conjugates Q to a map 
of the same form, i. e. one where: 

G\v(.) ■■ V{x)^V{f{x)) 

is a polynomial of degree at most d and is in fact in the group G\^^ 
from Theorem \6.(A 

Proof. The only statement which is not justified explicitly in the proofs 
of |GK| IGuj is the bound on the size of H. Recall that H is constructed 
in two steps. First one constructs a conjugacy between JF and an ex- 
tension J-"' of / such that JF' is G'' tangent to at the zero section. In 
this step one proceeds by solving an iterative equation for the conju- 
gacy, see |Gu| Proof of Theorem l,Step 1, page 851]. It is clear from 
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the formula that if T and -DJFq are close, then this conjugacy is small 
and T' is also close to DTi^. (We note that in |GKj . this step is 
broken into two steps, first finding the Taylor series of the conjugacy 
at the zero section, and then proving that one can find a conjugacy 
with this Taylor series.) In the second step, one constructs an action 
F on a set of local changes of coordinates, and applies a contraction 
mapping argument to find the conjugacy H between JF' and and T . If 
JF' = DTq it is clear from the construction that this contraction F has 
unique fixed point the identity map, and that if T' is close to DT<^ 
then this unique fixed point of F will be close to the identity. □ 

Remark: The number k\ is explicitly computable in terms of the spec- 
trum of the contraction JF, see |Gul IGKj for details. The computation 
yields that Theorem 16.61 and 16.71 are true for 

fci>| 1- 

For some special choices of Aj it is possible to achieve much lower 
values of k\. 

6.3. Smoothness along contracting foliations. In this subsection 
we retain the number kx is as in the last subsection and <y9 is the map 
constructed in Theorem 14. 4[ which we know to be a C° small home- 
omorphism and a conjugacy between the unperturbed and perturbed 
actions. We first show that to prove Theorem 16. 5^ it suffices to verify 
the following lemma. 

Lemma 6.8. For k>ki there is a connected Lie group A and, for each 
x&HxM, there is an open set UoCHxM which contains x and is the 
union of leaves of >V[^] , such that: 

51 there is a locally free C°° action d : Axf/o— s>t/o such that 5W[^]{ii) = 
W[^]{y) and A acts transitively on yV[^]{y) for all y&Uo; 

52 the set ip{Uo) = Uq is the union of leaves ofW[^] and there is 
a locally free C° action d' : AxUq'^Uo' such that 6W[^]{z) = 
yV[^]{z) for all zeUo- 

53 for all SeA, the map d\5) : Uq'^Uq is when restricted to 
every leaf of W^^] , and all partial derivatives along the leaf are 
globally continuous. Furthermore, the k- jet of d' {6) along leaves 
o/VV[^] tends to the k-jet of d{6) along yV[^] as p'^p- 

^4: if is a A equivariant map from Uq to Uq . 

We temporarily defer the proof of Lemma 16.81 and first show how it 
implies Theorem 16.51 We state a variant of the results of Bochner and 
Montgomery which we will use in the proof. 



46 



D. FISHER AND G.MARGULIS 



Theorem 6.9 (Bochner and Montgomery). Let n be a continuous ac- 
tion of a Lie group Q on a manifold N1XN2 such that the action is 
trivial in the second factor. If for each q&Q,and n2&N2, the map 
K{q) : NiXn2^NiXn2 is with all derivatives continuous in N1XN2, 
then the map k : QxNix{n2}^Nix{n2} is for each n2 in N2 and 
depends continuously on n2 in the topology. Furthermore if k, and 
k' are two such actions which are C° close, such that n{q) and K,'{q) 
are C'' close as maps of Ni for all g&Q, then the actions k and k' are 
close as actions on A''ix{n2} for any n2&N2. 

Proof. All statements follow from the proof of the results of Bochner 
and Montgomery given in jMZl Chapter V, sections 1 and 2.]. The 
possibility of adding the N2 factor along which the action is trivial is 
already noted in MQ Proof of Lemma 5.12]. That the actions are 
actually close follows from the explicit formulas for derivatives of k 
along Q given in ^Zj V.2.1]. □ 

Proof of Theorem \6. ^ from Lemma \6.^ Possibly after shrinking [/q, we 
can assume that f/o is a product of a leaf V[^] and a small transverse 
neighborhood Vq. (We will in fact construct the A action on such a 
neighborhood.) The hypotheses 5*1 — 5*4 imply that the map inter- 
twines two actions d and d of the group A such that orbits of (i(A) 
(resp. orbits of d\/S.)) are leaves of y^ix] (resp. VV[x]-) and such that, 
for each 5gA and wev5(lo), the map 5'{d) : VV[^] x {t;}^VV[^] x {u} is 
with all derivatives depending continuously on v. Combined with 
Theorem 16.91 this implies d' : Ax W[;^] x {t>}— >W[^] x {t>} is a action 
depending continuously on vEipiVo), which suffices to prove Theorem 
I6.5f 1). Since 5*3 and Theorem 16 . 91 also imply that d and d' are close as 
actions which are along orbits with all derivatives transversely con- 
tinuous and that d' tends to d in the natural topology on such actions 
as p'^p, Theorem 16.51^ 2) follows as well. □ 

The remainder of this section is devoted to a proof of Lemma 16.81 
We begin by constructing the group A and it's actions on Uq and Uq . 
Recall that we have identified the tangent bundle to H/AxM with 
H/Kx\)xTM. We note that is a nilpotent Lie subalgebra of f). 
Let denote the corresponding Lie subgroup of H . The smooth 
foliation of HxM by left cosets for is tangent to HxMxE\^y.T^ and 
the projection of this foliation to H/AxM is exactly W[^]. 

Fix xeHxM and an orthogonal complement E^-^ to E^^] in TX^. 
Note that we can pick E^-^ to be a direct sum of a subspace of -E^Cf) 
and TM. Let O be a small open disc in E^. Let Ui = expx{0)<zH. For 
any point xeHxM we let x = {xi,X2) be coordinates for the product 
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structure and chose a small open neighborhood U2 of X2 in M. Then 
Uq = F[^]UixU2 is an open subset in HxM containing x. If O is small 
enough then each leaf of W[^] contained in Uq has a unique expression 
as X2) where wGf/i and We then let A = and let 

A act on Uq via {6, foux)^{fo6~^ux). This clearly defines a A action 
on [/q which is C°°, free and transitive along the leaves of W[x\ and 
establishes SI. 

We need to understand the derivative of the A action. Note that 
T{H/AxM)\uo = F[^]f/iXf)xTM|c72. Also note that the A action is 
trivial on the second factor. The fact that we identify the tangent 
space to H with right invariant vectors and that d{6) acts on the right 
on orbits, implies the following: 

Lemma 6.10. For a// /oGF[^], wGf/i, f Gf), mGM, andwETM^wehave 
Dd{d){foU,v,m,w) = {foS'^u,v,m,w) 

The following lemma records the fact that leaves of yV[x] are in- 
jectively immersed in H/AxM and remain injectively when lifted to 
HxM and projected to Z\H. 

Lemma 6.11. The projection of F\y.^x to H/AxM, H/A or Z\H is 
an injective immersion. 

Proof. This is immediate from the fact that < -F^(a ) and that the 
leaves of are injectively immersed in H/AxM, H/A or Z\H by 

Proposition \d.2\ □ 

We choose a lift of to a map from HxM to HxM and let 
[/^ = ^(Uo). Let A act on Uo by letting d'{6){x) = (j){d{6){(l>-\x))) for 
every x^Uq and every 5gA. The properties 5*2 and 34 are immediate 
from this definition. 

We now show how to realize the action A differently, in a way that 
will allow us to use Theorem 16.71 to prove 53. 

We first explain why it suffices to consider the case of F actions. In 
the case when p is a J action, we fix a lattice T < J. As a consequence 
of Theorem 16 . 1 1 and Zariski density of F in J we can choose the elements 
\l/ from Lemma [6.21 and the elements ai, . . ., in Lemma (6.31 to be in 
F even when p is a J action. For the remainder of this section, we can 
therefore restrict our attention to the case of G = F. 

Let T be a torus as given by Theorem 16.11 and restrict p and p' 
to S actions. We then form the induced T actions pj„ and pj„' on 
[TxH / AxM) /Ti. The map if can be extended to an equivariant 
map which we denote from = {(Txbase)/T,, pm) to Xj„' = 
{{TxH/AxM)/J:,pin'). Let t be the Lie algebra of T and identify 
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T{{TxH/KxM)/T) with {{TxHxTM) / k) /^x^xi. There is a pi„(T) 
invariant smooth fohation of Xj„ given by V[x][t,a;] = [t, >V[x](a;)] tan- 
gent to a Pin{T) invariant distribution Vj^] which is E'j^j viewed as a 
subbundle of T{TxH / KxM) /Tj). Furthermore there are analogously 
defined foliations and distributions V[^] and V on Xj„' and ipin maps 
every leaf V[x\[t, x] to the leaf V[^](y9i„(t, x)). 

As in [KSlJ and |MQ| , we will verify 5*3 by verifying it for these 
induced actions. It is clear that the actions of A on Uq and Uq defined 
above can be extended to neighborhoods in the universal cover of Xin 
and Xin simply be taking the trivial action on the first factor. It is also 
clear that individual leaves of V[^] and V[^] are still injectively immersed 
in Xin and Xin. 

Lemma 6.12. Let Ct he any non-trivial one parameter M.- split subgroup 
in S that is in the kernel of x (^''^d which has noncompact image when 
projected to any simple quotient of J. To prove S3 it is sufficient to 
prove that any leaf of the foliation V[^] is contained in the support of 
an ergodic component of Ct acting on Xin- 

Proof. We proceed by giving a different description of the group A 
acting on Since q is in the kernel of it follows that the 

maps p{ct) : V[^]{x)-^V[^]{ct{x)) are isometries with respect to the 
metric on the leaves. Since every ergodic component consists of en- 
tire leaves of V[^], for any point yEV[^]{x) there exists a sequence 
ti such that limi^oo p{ct J X = y. By passing to a subsequence, we 
may assume that p{ct) : V[^]{x)-^V[^]{p{ct^)x) converges to an isometry 
6 : V[^]{x)^V[^]{x) which takes x to y. The group A^^ generated by such 
limits is clearly transitive on V[^]{x). Note also that the tangent map 
Dp{ctJ{x,v) = {p{ct-)x,v) and so the tangent map D6{x,v) = {Sx,v). 
Since A and A^, both act by isometries with trivial derivative on V[^] (x) 
it is clear that they are equal. (For further discussion of this construc- 
tion see MQ) or jEEI]-) 

We note that, by equivariance, 

d'{S)x = lim ^inOpiniCtJoLpin'^{x) 
j— >oo 

= lim p'in{cu)x. 

t—>oo 

Therefore, d'{S) = hmt-_>oo Pi„('^tJ- ■^^^ element with 

< 0, so the natural extension of p'{s) to the tangent bundle of V^^j 
is a contraction with narrow band spectrum which is close to it's linear 
part. This follows because this contraction is close to the one defined 
by p{s) which is linear. By Theorem 16.61 as long as k>ki there is a 
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number d depending only on the dynamics of p(ti), and continuous, 
C'' small along fibers, conjugacy H between p'{s) and a polynomial of 
order less than d. Furthermore, since p'(q) commutes with p'{s), by 
Theorem 16.71 the conjugacy H conjugates each p'(ct) to a polynomial 
map of order less than d. Since d'{6) = lim^.^oo pLlctJ, it follows that 
in the coordinates along a fiber given by H, the map d'{6) is given by 
a polynomial of order less than d. Identifying leaves with fibers we 
see that d'{6) is C'^ along each leaf, that the k-jet of the d'{S) depends 
continuously on the leaf, and that the /c-jet is close to the one for d{6), 
since it is given by composing a map close to d{6) with a change in 
coordinates which is C'^ small. 

We also see that if p is for some l>k, then d'{6) is C' since it is 
a uniform limit of maps conjugate to polynomials. □ 

6.4. Ergodic components and dynamical foliations. We retain 
all notation from the previous subsection. To prove Theorem 16.51 it 
now suffices to prove the following: 

Proposition 6.13. Let T be the torus described in the last section and 
r inT a regular element for the representation a. For any one param- 
eter subgroup Ct of S which is in the kernel of x O'^d which projects to 
a noncompact subgroup of each simple factor of J, the ergodic compo- 
nents of pin{gt) consist of entire leaves ofW^, ^^^-^ and therefore of entire 
leaves ofVi^]. 

We first note an alternate description of pj„. Throughout this sub- 
section, we assume that we have passed to a finite index torsion free 
subgroup of r. We will also need to pass to further finite index sub- 
groups of r, but will abuse notation by retaining the notation F for 
each of these successive subgroups. We recall some facts from jFMTj . 
First by |FMH Theorem 6.5], the homomorphism vr : F^Aut(i^)Kif 
defining the action p on a subgroup of finite index is a product of 
two homomorphisms tta '■ T—>-Aut{H) and tth '■ T—^H whose images 
commute. It follows from the proof of |FMll Theorem 6.5] that after 
changing the algebraic structure on H as in Proposition l2.2l and passing 
to a further subgroup of finite index, that vr(F) is actually contained 
in Aut(f/) where U is the unipotent radical of H. Fixing a Levi com- 
plement L for U in H and letting L = ZM where Z is a central torus 
and M is semisimple, the superrigidity theorems imply that (again af- 
ter passing to a subgroup of finite index) 71a(X) < M. After passing 
to another finite index subgroup, the restriction of vryi to S = FflT 
extends to a homomorphism vr^ : T— > Aut(?7) and the restriction of tth 
to S extends to a homomorphism njj : T^M. These homomorphisms 
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are not quite canonical, but suffice for our purposes. It is clear that 
the images of these homomorphisms commute and so we can define a 
homomorphism n'^it) — 7i^7i^{t). 

We can now give a simple description of a finite cover of the induced 
action. In the description in the last paragraph, we passed to a finite 
index subgroup of F, which also causes us to pass to a finite index 
subgroup E' < E. The map (t, h)-^{t,7r'^{t)h) descends to a map from 
(Txi//A)/S' to (TKiJ)/(S'xA) where the semidirect product is de- 
fined by TT^ and '7r^(S) normalizes A by definition. This map conjugates 
the induced action to an action defined by PT{to)[t,h] = [tot,TTff{t)h]. 
We summarize this discussion with the following Proposition. 

Proposition 6.14. (1) If p is an affine action, then there is a fi- 
nite index subgroup E' such that the lift of the action pin to 
{TxH / K) /Yj' is smoothly conjugate to a left translation action 
Pt ofT on (Tk/J)/(S'k A) as described above. 
(2) If p is a quasi-affine action, then there is a finite index subgroup 
E' in E and a left translation action px ofT on {T\kH)/ (E'kA) 
as above and a cocycle l : Tx(Tixi7)/(EKA)— >Isom(M), such 
that the lift of pin to (TxiJ/AxM)/E' is smoothly conjugate to 
the skew product action over pT defined by l. 

We begin by showing that, even for quasi-affine actions, it suffices to 
consider the action on (Tixi?)/(E'ixA). 

Lemma 6.15. For any one parameter subgroup gt ofT, and any regular 

element r in T , if the ergodic components of the left translation action 
gt on (Txif)/(E'xA) consist of entire leaves ofW^^^^-^ then the ergodic 
components of pin{gt) consist of entire leaves ofW^^^j.y 

Proof. This follows two facts. The first is one of the main results of 
Zimmcr's thesis. This says that if 7^' is a compact group and K acts 
on a standard probability measure space {Y, u), and p is an action of 
locally compact group G by measure preserving transformations on a 
standard measure space {X,p) and l : GxX^K is a cocycle, then the 
ergodic components of the skew-product action of G on (XxY, pxu) 
are of the from ExL-y where E is an ergodic component of X, y is a. 
point in Y and L is a subgroup of K such that l, restricted to E, is 
cohomologous to a cocycle taking values in L. 

The second fact describes dynamical foliations for skew product ex- 
tensions. Again, let K he a. compact group. Let X be a smooth com- 
pact manifold and Y be an associated bundle to a principal K bundle 
over X. Assume G is a locally compact group and that p : GxX^X 
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and p : G^iY^Y be two actions which commute with the bundle pro- 
jection TT : Y^X. Then the G action on Y is measurably isomorphic to 
a skew product extension as described in the previous paragraph and 
for any g&G which is partially hyperbolic and normally hyperbolic to a 
central foliation on both X and y , the map vr is a diffeomorphism from 
each leaf of VV|(^^^ onto a leaf of VV^j^^-j . This follows from the dynamical 
characterization of VV^^^^ in |HPS| Theorem 6.8e] 

To prove the lemma, we apply these facts twice, first to the gt action 
on {TxH/AxM)/E' covering the pe{gt) action on (Txif/AxM)/S 
and second to the actions pm on {Tp<H)/{T,'p<A)xM which is a skew 
product action over the action pj„ on (T[xif)/(S'[xA). □ 

We are now reduced to identifying ergodic components for left trans- 
lation actions on homogeneous spaces. To do this, we will use work 
of Brezin and Moore |BMj . Following that paper, we note that for 
any Lie group L, any finite volume homogeneous space L/A has two 
special quotients an maximal toral quotient and a maximal semisim- 
ple quotient. An affine quotient of the space L/A is one of the from 
P/0(A) where : L^P is a surjective homomorphism. The maximal 
toral quotient is the maximal affine quotient of L/A which is a torus 
and the maximal semisimple quotient is the maximal affine quotient of 
L/A where P is semisimple. Given a one parameter subgroup It in L, 
we can project It to either the torus or M and this defines a quotient of 
the left translation flow of k on L/A. Let (f)i{lt) be the quotient action 
on the maximal toral quotient and let (f)2{h) be the quotient action on 
the maximal semisimple quotient. The following is a restatement of 
(HMl Theorem 6.1]. 

Theorem 6.16. Let k be a one parameter subgroup of L acting by left 
translation on a finite volume homogeneous space L/A for a Lie group 
L. Then the action of It is ergodic if and only if both (j)i{lt) and (j)2{h) 
are ergodic. 

To prove Proposition 16.131 we require an additional lemma which is 
an immediate consequence of Theorem 16.11^ 3). 

Lemma 6.17. Let Ct be a one parameter subgroup ofT which is in the 
kernel of x o,nd projects to a non-compact subgroup in each Ji. Then 
the action of Ct on T jY] is ergodic. 

Proof. This is immediate since an ergodic component of the action is 
necessarily of the form J^j- T//(E'nT/) where T/ < Tj is a subtorus and 
S'nT/ is a lattice in T/. This forces T/ to be the Zariski closure of 
a subgroup of S' and therefore to be algebraic. Theorem I6.ir 3) then 
imphes that T/ = Tj. □ 
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Proof of Proposition \f).l'J[ By Proposition lfj.141 and Lemma lfi.151 we 
are reduced to showing that ergodic components of the q action on 
(T K H) / {T,' K A) consist of entire leaves of ^^p^^r)- ^'^ ^^^^ ex- 
phcitly identifying ergodic components, or rather exphcitly identifying 
ergodic components modulo finite extensions. 

Note that arguments as in Lemma 16.151 shows that there is no loss 
of generality in passing to finite covers, so for simplicity we pass to a 
finite cover of H such that: 

(1) A is torsion free, 

(2) The Levi complement of L is the direct product of Z and M, 

(3) M is the direct product of its simple factors and A does not 
intersect the center of M, 

(4) Z is a direct product of copies of and copies of M*. 

Let (Jm be restriction to M of the map from L to Aut(f/) defining 
the semi-direct product structure oi H as LkU . Let be the kernel 
of (Jm and let be the maximal normal connected compact subgroup 
of . Note that our assumptions imply that is normal in H and 
that H = HxM^ where H' is isomorphic to H/M^. 

We write M' as M"xC where C is the maximal connected normal 
compact subgroup of M'. It from the proof of [A, Theorems 1 and 2] 
that in H, 

(1) AnM^xU = Au is a lattice in M^xU and projects to a lattice 
in U, 

(2) the projection of A to M" is a lattice in M". 

Since tth is a homomorphism of F the superrigidity theorems im- 
ply that there is a homomorphism vr^ : J^H and a homomorphism 
TT^ : V^H with bounded image such that the images commute and 
t^h{,i) = ^h(7)^I/(7)- Note that, after passing to a further finite index 
subgroup, tth necessarily takes values in M' and vr^ necessarily takes 
values in M". Using that Aut{U) is an algebraic group, we can also 
write tta as a product of tt^ : J^Aut(f/) and : r^Aut(?7). We 
write M' as a direct product M1M2 where Mi is the minimal product 
of simple factors of M' such that tt^ takes values in Mi and the pro- 
jection of A to Ml is a lattice. This implies that Mi is a direct product 
of semisimple groups Ml where the projection of A to Mi is commen- 
surable to a product of irreducible lattices A^,^^ < Ml and such that 
the projection of vr|^(Q) is non-compact in each M{. This implies that 
the left translation action of q on Mi/Ami defined by ir]^ is ergodic. 
Since vr^, has non-trivial image in each M{, it follows that each M{ 
has real rank at least 2 and so there is a compact connected normal 
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subgroup Mf < M' such that (MixMf")nA = Ami at least after re- 
placing A by a subgroup of finite index. We write M[ for MixM^. It 
is also easy to see that the product T-Mi is a subgroup of L and that 
T-Min(S'KA) = S'xAAfi. 

We now construct a subgroup of U . The fact that Ku projects to a 
lattice in U defines a rational structure on U and u. We let let /ii be 
the composition of vr^ with the restriction of KdxxH to u and let be 
the minimal Lie subalgebra containing all non-trivial root subspaces of 
Hi and invariant under 7iJ^(T). We let /X2 be the composition of Tif with 
the representation of Aut(t/) on u and let be the minimal Lie algebra 
containing all non-trivial root subspaces of fi2 and invariant under vr^. 
Finally we let Uq be the minimal rational Lie subalgebra of u containing 
both ua and uh and invariant under T-Mi. Let Uq < U he the Lie 
subgroup with Lie algebra Uq. We let Kq be the closure of the projection 
of A[/ to M^. Form the semidirect product N = {TxKoxM[):kUo. By 
construction it is clear that: 

(1) A^nA = Aat is a lattice in 

(2) For any regular elements r in T, the space E^^,„{r) is a subspace 
of n 

(3) the maximal semisimple quotient of N/An is Mi/Ami and 

(4) the maximal toral quotient of N/An is T/S'. 

Together with Lemma 16.171 and the definition of Mi this implies that 
any ergodic component of the action of q on (Txif)/(S't><A) contains 
a translate of N/A^ in (Tx/7)/(SV A') which suffices to prove the 
proposition. 

□ 

7. Final arguments 

7.1. Elliptic operators and global regularity. In this section, we 
prove that is a diffeomorphism. Here p, G and H/AxM are as in the 
remarks at the end of section 0] The number fco is the smallest number 
that allows us to apply the techniques of subsection l6.!2l to show that ip 
is a diffeomorphism along foliations of the type VVj^j. In keeping with 
the statement of Theorem 11.11 we let n = dim(H/AxM) _^ 
prove: 

Theorem 7.1. There is a neighborhood V of p in Hom(G', Diff'=(X)) 
such that if p'EV, the map cp constructed above is a C'^~'" small C^^"- 
diffeomorphism which is conjugacy between p and p' . Furthermore 

(1) (f^ld as p'—^p and, 
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(2) given l>k, we can choose V so that if p' is C°° and p'eV, then, 
the map ip is CK 

Remark: The proof below uses only standard facts concerning elliptic 
operators and is straightforward. The result stated also follows from 
the main theorem in |KS2j . but as that article relies on much deeper 
and harder results concerning hypo-elliptic operators, we give the proof 
below. 

Proof. We choose a finite cover of H/AxM by open sets Um such that: 

(1) each Um is contained in a neighborhood Wm which is coordinate 
chart on H/AxM 

(2) for each Um we have (p{Um)cWm 

(3) each Um is a foliation chart for and Wj^j for all gE^ and x in 
S as defined in subsection 16.11 

(4) each Um is of the form UimXU2m where Uim is an open set in 
H/A and U2m is an open set in M. 

For convenience, we denote by and fix an order on the Wj^j 
and relabel them di,---,dq- We choose a basis Xij of f) where Xqj 
for l<j< dim(Z) is a basis for 3 and Xij is a basis for with l<i<q. 
For U2j we choose an explicit identification with an open ball in M" and 
choose a basis of constant vector fields Xqj where dim(Z)+l<j< dim(Z) + 



Identifying each Wm with a subset of M", we can write (pm = v\um = 
Id +hm where km '■ Um—>-^"' is C° small. 

For any rj > and any I' > k, by choosing V small enough, and 
applying Theorem 16.51 and Theorem 14. 4[ we have that each km is 

(1) C'' along each leaf of "Si for l<l<q with supp^^ < V 
for any 0<n<k and any 1<J< dim(5^i), 

(2) C'^~'^ along almost every leaf of ^ with \\X^j{hm)ix)\\'^dp < 
7] for any 0<n<k — 2 and any < j < dim(Z) + dim(M), 

(3) if p' is C°° then km is along "^q and C°° along each for 



We construct an elliptic operator as follows. Let c be the least even 
integer less than or equal to k — 2, then the operator 



dim(M). 



l<i<q. 



q dim(5i) 




i=l j=l 



is elliptic with smooth coefficients on each Ui. Standard estimates, see 
e.g. |Z3| Section 6.3], imply that: 
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||M||2,fe-2 < C(||A(m)||2 + ||m||2) 

for any u in the Sobolev space VF^'*^^^ where W'^'''~'^{Ui) is the 
Sobolev space of functions with k weak derivatives in L^, ||-||2,fc-2 is the 
Sobolev norm and ||-||2 is the norm. (For k — 2 odd, the standard 
inequality involves the || -112,1 for both terms on the right hand side, but 
we will not need this.) 

We want to apply this estimate to hm, but hm is not a priori in 
W'^'^~'^(Um)- We let Um be the set of points x in Um such that B{x, e)c:U, 
To complete the argument, we use mollifiers such that 

(1) XijJi; = JeXij for Xij above and, 

(2) J,u is defined on and maps L^'^°^{Um) to C°°{U^rn) 

(3) are uniformly bounded on W'^^^~'^{Um)<^L]oc{Um)- 

(4) converges uniformly to the identity on L^''*"^ as £^0. 

We briefly describe the operators which are convolution operators 
for a family of functions /g. Wc write the function = fief 2s where 
fie is a function on Uim for i = 1,2. The function fie is a standard 
moUifier and define Jie by standard convolution. We define /2 by taking 
a standard mollifier on a small neighborhood of zero in [) and pulling 
back to H via the inverse of the exponential map. Wc identify Uim with 
a small neighborhood in H and define J2e{u) = J^^ f2e{h)u{xh,m)dii. 
The fact that we act on the right on x in the formula is necessary to 
guarantee condition (1) above. We then let = JieJ2s- It is easy to 
see that Jie and J2e commute, and that satisfies 1 — 4 above. 
Letting e„ = ^, we have that 

||(Je„-J.„+J/in.||2,fe-2 < C(||(J,„-J,„^JA(M||2+||(Je„-J.„+J/l^||2). 

The right hand side converges to zero, which implies that {Je„hm}n is 
a Cauchy sequence in W^'''^'^{Ui). Since {Je„hm}n converges in L^^''"'^ 
to km, this implies that hmEW'^'^~'^ and 

\\hm\\2,k-2 < C(||A(/l^)||2 + Whmh) 

which by the properties (1) and (2) of described above, implies that 
||^m||2,A;-2 < Ct] for a coustaut C not depending on p' . By the Sobolev 
embedding theorems, this implies that km is C'^^'^ small where n is 

dim(.g/AxM) 
2 

This then implies that </? is C^~^ close to the identity, which implies 
that (/? is a diffeomorphism, since there is a neighborhood of the identity 
in the space of C^~"' maps which consists of diffeomorphisms. 

To show that hm is when p' is C°° follows a similar outline. We 
choose V such that hm is C°° along each '^j for l<j<q and C'' along 
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^^"0 where l'>l + + 3 is even. The same argument with c = /' in 

the construction of the elhptic operator shows that hm is in 

1^2/ and 

therefore is CK Note that since we do not have a good bound on the 
2,« j2Q2;j2i of (fi along ^ in Theorem 14.41 or of the norm of ip along 
W[^] in Theorem 16. 51 we do not obtain a bound on the C' size of (p. □ 

7.2. Smooth perturbations, smooth conjugacy, and iterations. 

We keep all the notation from the previous subsection. 

For notational convenience in the proof of the C°° case of Theorem 
11.11 it is convenient to fix right invariant metrics di on the connected 
components of Diff'(X) with the additional property that if (p is in 
the connected component of Diff°°(X), then di{ip,ld)<di+i{(p,ld). To 
fix di, it suffices to define inner products <,>i on Vect'(X) which 
satisfy < V,V >i < < V,V >i+i for VeVect°°{X). As remarked 
in |FM2| Section 6], after fixing a Riemannian metric on X, it is 
straightforward to introduce such metrics using the methods of |FM2| 
Section 4]. 

Once we have fixed the family of metrics di and fix a generating 
set K for G, it is possible to rephrase parts of Theorem 17.11 more 
quantitatively as follows: 

Corollary 7.2. In the setting of Theorem \7.1[ given k>kQ and l>k, 
for every e > there exists 6 > such that if p' is an action of G on 
H/AxM with dk{p'{g)p{g)'^,ld) < 6 for all g&K then there exists a 
C' conjugacy (p> between p and p' such that dk-n{'P, Id) < e. 

Remark: The algorithm presented below for proving smoothness is 
essentially contained in the proof of the G'^'°° case of |FM2[ Theorem 
1.1]. 

Proof of G°°''^ local rigidity in Theorem \l.l\ If p' is a perturba- 
tion of p, then there exists some > 1, such that p' is G^ close to p 
and we can assume that k>kQ. We fix a sequence of positive integers 
k = Iq < h < I2 < ■ ■ ■ < li < ■ ■ ■ with /j+i — li > n + 3 for each i. We 
construct a sequence of G°° diffeomorphisms (pi such that the sequence 
{0„o. . .0(/)i}„gp^ converges in the C°° topology to a conjugacy between 
p and p'. 

We let 0* = 0jO. . and pi = 0*op'o(0*)~^ and construct 0, induc- 
tively such that 

(1) pi is sufficiently close to p to apply Corollarv 17.21 to pi 
and p with / = /j+i and e = 

(2) d,^_„_3(0i,Id) < and, 

(3) d«^_„_3(pj(7)op(7)-i,Id) < i for every jeK. 
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To construct we assume that pi is close enough to p in the 

C'' topology to apply Corollary 17.21 with / = /j+i and e = girr- Then 
we have a (7'i+i-"-3 (iiffeomorphism ipi^i with ipi^iop^oip^^]^^ = p and 
c^ii+i-n-slV'j+i, Id) < 2iT2- Using standard approximation theorems, we 
can choose a C°° diffeomorphism (pi^i with (i/.^^_„_3(0i+i, Id) < girr 
and Pi = 0j+iopjO0j_,_^~^ close enough to p in the (^'i+i-^-^ topology to 
apply Corollary 17.21 with / = and e = ^^r^ and so that (3) above is 
satisfied. 

To start the induction it suffices that p' is sufficiently close to p 
to apply Theorem 17. If 2) with I = li and e = |. 

It remains to show that the sequence {0n°- • ■°<Pi}n€N converges in the 
C°° topology to a conjugacy between p and p'. Combining condition (2) 
with the fact that di^{(j)i, ld)<dj{(f)i, Id) for all j>li, and the fact that di- 
is right invariant implies that o?/._„_3(0j, Id) = di-_n-3{4>^ , 0^~^)<^ for 
all j>i. This implies that {(j>^} is a Cauchy sequence in Diff^'~"~'^(X) 
for all i, and so that {0-'} converges in Diff°°(X). Similarly, condition 
(3) implies pi converges to p in the topology. □ 
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